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Abstract
A fully discrete finite element method with a Gauss collocation in time is proposed for
solving the nonlinear Schrödinger equation with a wave operator in the d-dimensional
torus, d ∈ {1, 2, 3}. Based onGauss collocationmethod in time and the scalar auxiliary
variable technique, the proposed method preserves both mass and energy conserva-
tions at the discrete level. Existence and uniqueness of the numerical solutions to the
nonlinear algebraic system, as well as convergence to the exact solution with order
O(h p + τ k+1) in the L∞(0, T ; H1) norm, are proved by using Schaefer’s fixed point
theorem without requiring any grid-ratio conditions, where (p, k) is the degree of
the space-time finite elements. The Newton iterative method is applied for solving the
nonlinear algebraic system. The numerical results show that the proposed method pre-
serves discrete mass and energy conservations up to machine precision, and requires
only a few Newton iterations to achieve the desired accuracy, with optimal-order con-
vergence in the L∞(0, T ; H1) norm.
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1 Introduction

We consider the nonlinear Schrödinger equation with a wave operator (NLSW) on the
d-dimensional torus � = [0, L]d , d = 1, 2, 3, up to a given time T > 0, i.e.,

∂t t u + i∂t u − �u − f (|u|2)u = 0 in � × (0, T ], (1.1a)

u = u0, ∂t u = u1 on� × {0}, (1.1b)

subject to periodic boundary condition, where u : � → C is a complex-valued
function, i = √−1 denotes the imaginary unit on the complex plane, and f : R+ → R

is the derivative of some smooth potential function F : R+ → R. The best known
examples for the nonlinear function in the NLSW equation are

f (s) = ±s
q−1
2 and F(s) = ± 2

q + 1
s
q+1
2 with q > 1, (1.2)

where “−” and “+” correspond to the defocusing and focusing models of the NLSW
equation, respectively. As one of the most important NLS-type equations, the NLSW
equation arises frommanyphysical applications, including theLangmiurwave envelop
approximation in plasma [1], the modulated planar pulse approximation of the sine-
Gordon equation for light bullets [2], the non-relativistic limit of the Klein-Gordon
equation [3],waterwaves, bimolecular dynamics, protein chemistry and soon.Accord-
ingly, the development of efficient numerical methods for the NLSW equation is of
great practical importance.

It is well known that the solutions of (1.1) conserve the mass and energy in the
sense that for all t ≥ 0

d

dt

∫
�

(
1

2
|u|2 + Im(utu)

)
dx = 0, (mass conservation) (1.3)

d

dt

∫
�

(
1

2
|ut |2 + 1

2
|∇u|2 − 1

2
F(|u|2)

)
dx = 0, (energy conservation) (1.4)

where v and Im(v) denote the conjugate and imaginary part of v, respectively. Since
numerical blow-up may be encountered in nonconservative schemes for the NLS-type
equation [4], the development of mass- and energy-conserving numerical methods
is important for long-time numerical simulation, and therefore has generated much
attention in the numerical approximation to the NLS-type equations.

The proposition of conservative numericalmethods and numerical analysis of NLS-
type equations havebeenwidely studied in the past years.Delfour et al. [5] proposed the
first second-order modified Crank-Nicolson scheme for the NLS equation to preserve
bothmass and energy conservations. Since then,mass- and energy-conserving numeri-
calmethods forNLS equation have been investigated extensively, see [4, 6–17]. For the
NLSW equation, Bao and Cai [18] established uniform error estimates of the Crank–
Nicolson finite differencemethod for theNLS equation perturbed by thewave operator
with a perturbation strength, and Guo andXu [19] utilized a Crank–Nicolson local dis-
continuous Galerkin method to imporve the spatial accuracy. Both schemes preserve
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energy conservation at the discrete level. Besides the Crank–Nicolson scheme, several
fully discrete finite difference methods and compact finite difference methods were
developed in [20–22] and in [23–25], respectively. In particular, all of these schemes
have second-order accuracy in time and only preserve energy conservation at the dis-
crete level. To avoid solving nonlinear systems, a second-order energy-conserving
linearized leapfrog finite element method was proposed by Cai et al. in [26], and a
linearly second-order energy-conserving scheme was proposed by Cheng et al. in [27,
28] based on the scalar auxiliary variable (SAV) approach, which was introduced in
[29, 30] as an enhanced version of the invariant energy quadratization (IEQ) approach
[31–34], to develop energy-decay methods for dissipative (gradient flow) systems.
Up to now, only very few high-order numerical methods have been proposeed for
the NLSW equation. Brugnano et al. [35] presented a high-order energy-conserving
Runge-Kutta scheme by using the Hamiltonian boundary value methods. Li et al.
[36] proposed a class of high-order symplectic Runge-Kutta schemes based on the
SAV approach. However, all these schemes only preserve energy conservation at the
discrete level. In addition, the high-order convergence results in [35, 36] were only
confirmed in the numerical experiments, and no rigorous analysis for convergence of
numerical methods has been established so far.

To the best of our knowledge, all the existingmass- and energy-conservingmethods
for solving the NLSW equation have only second-order accuracy in time and is of
the Crank-Nicolson type. No higher-order time-stepping schemes, which conserve
both mass and energy, have been reported in the literature. Most recently, the SAV
approach was combined with Gauss collocation method in time to preserve mass and
energy conservations when solving the NLS equations in [37]. This new scheme has
motivated us to propose a high-order mass- and energy-conserving method for the
NLSW equation.

The objective of this paper is to develop high-order conservingmethods based on the
SAV formulation of theNLSWequation and the space-time FEM, and in themeantime
establish a complete theory of existence, uniqueness and convergence of numerical
solutions without grid-ratio conditions. The proposed method can be made arbitrarily
high-order in both time and space discretizations, and retains the mass and energy
conservation properties at the discrete level. Three main difficulties are overcome in
the proposeion and analysis of our numerical method:

• The SAV reformulation of the NLSW equation is used to preserve the energy
conservation at the discrete level. Due to the presence of ∂t t u in the equation (1.1),
we can not directly obtain the error estimates as in [37]. This difficulty is overcome
in the current paper by introducing an auxiliary variable v = ∂t u to establish an
equivalent system of (1.1). Then the adoption of the SAV reformulation to the
equivalent system avoids the presence of ∂t u in the equation of r (see equation
(3.3)).

• The introduction of the new variable v makes the W 1,∞-stability of the temporal
Ritz projection in [37] insufficient. This is compensated in this paper by presenting
the L∞-stability estimate of the temporal Ritz projection; see (2.22).

• In the analysis for optimal-order convergence, it is difficult to give an estimate
of the error function for u. By exploiting the relationship of the error equation
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for u and v, the error estimates are proved together. Existence and uniqueness are
obtained based on Schaefer’s fixed point theorem in an L∞-neighborhood of the
exact solution. This avoids grid-ratio conditions for the equation (1.1) with general
nonlinearity.

The rest of this article is organized as follows. In Section 2, we provide some
preliminary results about the space-time finite element space. In Section 3, based on
the SAV reformulation of the NLSW equation, we propose the SAV space-time Gauss
collocation finite element methodwith its integral reformulation. Themass and energy
conservation properties, and a consistency error estimate for the proposed method are
also presented. In Section 4, we prove the existence, uniqueness and an optimal-
order H1-norm error estimate of numerical solutions by using Schaefer’s fixed point
theorem, and propose a key technical lemma, which is proved in Section 5. Numerical
experiments are provided to support theoretical results in Section 6.

2 Notation and preliminary results

2.1 Function space

Let Wm,p(�) be the standard complex-valued Sobolev space of functions on � with
m ≥ 0 and 1 ≤ p ≤ ∞, and denote

Hm(�) = Wm,2(�) and L2(�) = H0(�).

For any two complex functions u, v ∈ L2(�), we define the L2(�) inner product and
norm as

(u, v) =
∫

�

u(x)v(x) dx and ‖u‖ = √
(u, u).

For m, s ≥ 0 and 1 ≤ p ≤ ∞, We adopt notation Wm,p(0, T ; Hs(�)) to denote
the space-time Sobelev space; see [38]. We abbreviate the norms of Hs(�) and
Wm,p(0, T ; Hs(�)) as ‖ · ‖Hs and ‖ · ‖Wm,p(In;Hs ), respectively, omitting the depen-
dence on � in the subscripts.

Throughout this paper, we denote by C a generic positive constant which may vary
at different occurrences and be depend on T and the regularity of solution, but it is
always be independent of τ , h, n and N .

2.2 Spatial L2 and Ritz projections

Let Th = {K j : j = 1, 2, . . . , J } be a shape-regular and quasi-uniform division of �

into simplices K j , j = 1, 2, . . . , J , with mesh size h = max j {diamK j } less than 1.
For any integer p ≥ 1, we denote by Q

p the space of complex-valued polynomials
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on � with degree smaller than or equal to p. We define the complex-valued Lagrange
finite element space Sh by

Sh = {v ∈ H1(�) : v|K ∈ Q
p for all K ∈ Th}. (2.1)

The L2 projection operator Ph : L2(�) → Sh is defined as follow:

(w − Phw, vh) = 0 ∀ vh ∈ Sh ∀w ∈ L2(�). (2.2)

The following stability properties are well-known (cf. [39]):

‖Phw‖ ≤ ‖w‖ ∀w ∈ L2(�), (2.3a)

‖Phw‖H1 ≤ C‖w‖H1 ∀w ∈ H1(�), (2.3b)

where C depends only on the shape regularity and quasi-uniformity of the mesh.
The Ritz projection operator Rh : H1(�) → Sh is defined by

(∇(w − Rhw),∇vh) = 0 ∀ vh ∈ Sh w ∈ H1(�),∫
�

(w − Rhw)dx = 0

where the additional condition
∫
�
(w − Rhw)dx = 0 guarantees the uniqueness of

Rhw (otherwise Rhw is only defined up to a constant). The discrete Laplacian operator
�h : Sh → Sh is defined as

(�hφh, χh) = −(∇φh,∇χh) ∀φh, χh ∈ Sh . (2.4)

It is easy to verify that the L2 projection, Ritz projection and discrete Laplacian satisfy
the following relations:

Ph�v = �h Rhv ∀ v ∈ H1(�), (2.5a)

Rn
τ Rhv = Rh R

n
τ v ∀ v ∈ W 1,∞(In; H1(�)), (2.5b)

Rn
τ �hvh = �h R

n
τ vh ∀ v ∈ W 1,∞(In;Sh), (2.5c)

and the following approximation property:

‖v − Rhv‖H1 ≤ Chp‖v‖H p+1 ∀ v ∈ H p+1(�). (2.6)

The first relation of (2.5) is a simple consequence of the definitions of Ph , Rh and
�h . The second and third relations of (2.5) simply mean that the temporal and spatial
discrete operators commute with each other. This is also a simple consequence of the
definition of these operators. We refer to [39] for the rigorous proof of (2.6).
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2.3 Space-time finite element space

Let 0 = t0 < t1 < · · · < tN = T be a uniform partition of time interval [0, T ] with
stepsize τ := T

N less than 1. For any integer k ≥ 1, we denote by P
k the space of

real-valued polynomials in time with degree smaller than or equal to k. For a Banach
space X , such as X = L2(�) or X = Sh , we define the tensor-product space:

P
k ⊗ X := span

{
p(t)φ(x) : p ∈ P

k, φ ∈ X
}

=
{∑k

j=0t
jφ j : φ j ∈ X

}
, (2.7)

and the following global space-time finite element spaces :

Xτ,h = {vh ∈ C([0, T ];Sh) : vh |In ∈ P
k ⊗ Sh for n = 1, ..., N }, (2.8)

Yτ,h = {qh ∈ C([0, T ]) : qh |In ∈ P
k for n = 1, ..., N }. (2.9)

2.4 Temporal L2 projection

We denote by c j and w j , j = 1, ...k, the nodes and weights of the k-point Gauss
quadrature rule on the interval [−1, 1] (cf. [40, Table 3.1]), and denote by tn j =
tn−1 + (1+ c j )τ/2, j = 1, ..., k, the Gauss points on the subinterval In = [tn−1, tn].

The temporal L2 projection on the subinterval In , i.e., Pn
τ : L2(In; L2(�)) →

P
k−1 ⊗ L2(�), is defined by

∫
In

(u − Pn
τ u, v) dt = 0 ∀ v ∈ P

k−1 ⊗ L2(�). (2.10)

Based on this definition, u − Pn
τ u is orthogonal to all the temporal polynomials of

degree ≤ k − 1. In particular, if u ∈ P
k ⊗ L2(�) then

u − Pn
τ u = φn−1Lk, (2.11)

where φn−1 ∈ L2(�) and Lk(t) := L̂k((2t − tn−1 − tn)/τ) is the shifted Legendre
polynomial of degree k which is orthogonal to all the polynomials of lower degree on
In . It is well known that the following approximation property (cf. [41]):

max
t∈In

‖v − Pn
τ v‖X ≤ Cτm max

t∈In
‖∂mt v‖X , 0 ≤ m ≤ k, (2.12)

for all v ∈ Ck([0, T ]; X), and the following superconvergence result (cf. [37, Lemma
3.4]):

‖wv − Pn
τ (wv)‖L2(In;X) ≤ Cτ‖v‖L2(In;X), (2.13)

123

77 Page 6 of 38



Mass- and energy-conserving Gauss collocation...

for all w ∈ Wk,∞(In,Ws,∞(�)) and v ∈ P
k−1 ⊗ X , where X = R or X = Hs(�)

for some s ∈ R, and the constant C is dependent on w.
Since the k-point Gauss quadrature holds exactly for polynomials of degree 2k − 1

(cf. [42, p. 222]), it follows from (2.11) that the following two identities hold:

∫
In

v(t) dt = τ

2

k∑
j=1

v(tn j )w j ∀ v ∈ P
2k−1 ⊗ Sh, (2.14)

v(tn j ) = Pn
τ v(tn j ) ∀ v ∈ P

k ⊗ Sh, (2.15)

where theGauss points tn j , j = 1, ..., k are the roots of theLegendre polynomial Lk(t)
(cf. [43, p. 33]). By using (2.11) and the two identities (2.14)–(2.15), the following
two inequalities were proved in [37]:

∫
In

‖uh‖2 dt ≤ C
∫
In

‖Pn
τ uh‖2 dt + Cτ‖uh(tn−1)‖2 ∀ uh ∈ P

k ⊗ Sh,

(2.16)

τ

2

k∑
j=1

w j‖vh(tn j )‖2 =
∫
In

‖Pn
τ vh(t)‖2 dt ≤

∫
In

‖vh(t)‖2 dt ∀ vh ∈ P
k ⊗ Sh .

(2.17)

The integral identities (2.14)–(2.15) and inequalities (2.16)–(2.17) in this subsection
will be used in the subsequent analysis of existence, uniqueness and convergence of
numerical solutions.

2.5 Temporal Ritz projection

We denote by I nτ the temporal Lagrange interpolation operator at points tn−1 and tn j ,
j = 1, . . . , k. For the one-dimensional temporal Lagrange interpolation operator I nτ ,
the following approximation property holds (cf. [41]):

max
t∈In

(‖v − I nτ v‖X + τ‖∂t (v − I nτ v)‖X
) ≤ Cτm+1 max

t∈In
‖∂m+1

t v‖X , (2.18)

for all v ∈ Cm+1([0, T ]; X), 0 ≤ m ≤ k, and X = R or X = Hs(�) for any s ∈ R.
We denote by Rn

τ : W 1,∞(In; L2(�)) → P
k ⊗ L2(�) the temporal Ritz projection

defined by

∫
In

(∂t (u − Rn
τ u), v) dt = 0 ∀ v ∈ P

k−1 ⊗ L2(�), (2.19)

u(tn−1) − Rn
τ u(tn−1) = 0. (2.20)
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It has the following approximation property (cf. [37, Lemma 3.3]):

‖u − Rn
τ u‖L∞(In ,X) + τ‖∂t (u − Rn

τ u)‖L∞(In ,X) ≤ Cτm+1‖u‖Wm+1,∞(In;X), (2.21)

for all u ∈ Wm+1,∞(In; X) with 0 ≤ m ≤ k.
In addition to the approximation property in (2.21), we shall also use the following

pointwise stability result.

Lemma 1 The temporal Ritz projection defined in (2.19) satisfies the following point-
wise stability estimate:

‖Rn
τ u‖L∞(In;X) ≤ C‖u‖L∞(In;X) ∀ u ∈ L∞(In; X), (2.22)

where X = R or X = Hs(�) for any s ∈ R.

Proof We consider the shifted Legendre polynomial Lk(t) := L̂k

(
2t−tn−1−tn

τ

)
on the

interval In = [tn−1, tn]. Let X = R or X = Hs(�) for some s ∈ R. Then, by using
integration by parts and the properties of the Legendre polynomial L̂k(t), t ∈ [−1, 1]
(see [40, (3.176b)]), we have

∥∥∥∥
∫
In
L j (s)∂su(s) ds

∥∥∥∥
X

=
∥∥∥∥L j (tn)u(tn) − L j (tn−1)u(tn−1) −

∫
In
u(s)L

′
j (s) ds

∥∥∥∥
X

=
∥∥∥∥u(tn) + (−1) j+1u(tn−1) − 2

τ

j−1∑
m=0,m+ j odd

(2m + 1)
∫
In
u(s)Lm(s) ds

∥∥∥∥
X

≤ ‖u(tn)‖X + ‖u(tn−1)‖X +
j−1∑

m=0,m+ j odd

2(2m + 1)‖u(t)‖L∞(In;X)

≤ C‖u(t)‖L∞(In;X).

This, together with the expression (cf. [37, (3.21)])

Rn
τ u(t) = u(tn−1) +

k−1∑
j=0

∫
In
L j (s)∂su(s)ds∫
In

|L j (s)|2 ds
∫ t

tn−1

L j (s)ds,
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yields the following result:

‖Rn
τ u(t)‖L∞(In;X) ≤ ‖u(tn−1)‖X +

k−1∑
j=0

∫
In

|L j (s)| ds∫
In

|L j (s)|2 ds
∥∥∥∥

∫
In
L j (s)∂su(s) ds

∥∥∥∥
X

≤ ‖u(tn−1)‖X +
k−1∑
j=0

C‖u(t)‖L∞(In;X)

≤ C‖u(t)‖L∞(In;X),

where we have used
∫
In

|L j (t)| dt ≤ Cτ and
∫
In

|L j (t)|2 dt = τ
2 j+1 ; see [40,

(3.174a)]. 
�

3 SAV-Gauss collocation finite element method

In this section, we propose a Gauss collocation finite element method based on the
SAV reformulation of the NLSW equation, and prove some desired properties of the
numerical method, including the mass and energy conservations.

3.1 The SAV reformulation of (1.1)

By introducing an auxiliary variable v = ∂t u, the NLSW equation (1.1) can be rewrit-
ten as

∂t u = v in � × (0, T ], (3.1a)

∂tv + iv − �u − f (|u|2)u = 0 in � × (0, T ], (3.1b)

u = u0, v = u1 in � × {0}. (3.1c)

The SAV formulation (cf. [30]) of the equivalent problem (3.1) introduces a scalar
auxiliary variable

r =
√∫

�

1

2
F(|u|2) dx + c0 with g(u) = f (|u|2)√∫

�
1
2 F(|u|2) dx + c0

(3.2)

with a positive c0 (which guarantees that the function r has a positive lower bound),
and reformulate (3.1) as

∂t u = v in � × (0, T ], (3.3a)

∂tv + iv − �u − rg(u)u = 0 in � × (0, T ], (3.3b)

dr

dt
= 1

2
Re

(
g(u)u, v

)
in � × (0, T ], (3.3c)

u = u0, v = u1, r = r0 in � × {0}, (3.3d)
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where r0 =
√∫

�
1
2 F(|u0|2) dx + c0.

The mass and energy conservations in the SAV formulation (3.3) are

d

dt

∫
�

(1
2
|u|2 + Im(vu)

)
dx = 0, (mass conservation) (3.4)

d

dt

(∫
�

1

2

(
|v|2 + |∇u|2

)
dx − r2 + c0

)
= 0. (energy conservation) (3.5)

Remark 1 For the NSLW equation (1.1), the following energy conservation holds

1

2

∫
�

|ut |2 + |∇u|2 − F(|u|2)dx = 1

2

∫
�

|u1|2 + |∇u0|2 − F(|u0|2)dx, ∀t > 0,

where u1 = ∂t u|t=0 and u0 = u|t=0. To guarantee a positive lower bound for the func-
tion r , we determine the value of c0 in the following manner in practical computation:

c0 = 1

2

∫
�

|u1|2 + |∇u0|2 − F(|u0|2)dx .

It is noted that c0 may be multiplied by a constant greater than 1 to adjust numerical
behavior. The selection of c0 primarily impacts the energy at each time step, but it
does not affect the conservation properties and convergence orders of the numerical
method.

3.2 The Gauss collocationmethod

Consider the interval In = [tn−1, tn] with its Gauss points tn j and weights w j , j =
1, . . . , k. We define the following Gauss collocation finite element method for the
SAV formulation (3.3).

Set (u0h, v
0
h, r

0
h ) := (Ihu0, Ihu1, r0).

For given (un−1
h , vn−1

h , rn−1
h ) ∈ Sh × Sh × R, we define uh |In ∈ P

k ⊗ Sh , vh |In ∈
P
k ⊗ Sh and rh |In ∈ P

k by solving the following nonlinear algebraic system:

(
∂t uh(tn j ), ϕh

) = (
vh(tn j ), ϕh

) ∀ϕh ∈ Sh, (3.6a)(
∂tvh(tn j ), ψh

) + i
(
vh(tn j ), ψh

) + (∇uh(tn j ),∇ψh
)

(3.6b)

− (
rh(tn j )g(uh(tn j ))uh(tn j ), ψh

) = 0 ∀ψh ∈ Sh,

∂t rh(tn j ) = 1

2
Re

(
g(uh(tn j ))uh(tn j ), vh(tn j )

)
, (3.6c)

uh(tn−1) = un−1
h , vh(tn−1) = vn−1

h and rh(tn−1) = rn−1
h , (3.6d)

which is obtained by collocating (3.3) at the nodes t = tn j , j = 1, . . . , k, and then
imposing a continuity condition at t = tn−1.

Set unh := uh(tn), vnh := vh(tn) and rnh := rh(tn).
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Remark 2 (a) For each n ≥ 1, algorithm (3.6) computes the numerical solution at the
nodes tn j , j = 1, . . . , k on the subinterval In = [tn−1, tn]. Since any polynomial of
degree k on the subinterval In is uniquely determined by its initial value at tn−1 and
its values at the nodes tn j , j = 1, . . . , k, it follows that the values of the numerical
solution at the nodes uniquely determine a globally continuous numerical solution
(uh, vh, rh) ∈ Xτ,h × Xτ,h × Yτ,h .

(b) The test functions ϕh and ψh can be different at different nodes tn j . Hence,
together with the one initial condition at t = tn−1, the number of equations in the
algebraic system is the same as the degree of freedoms of the underlying space Pk ⊗Sh
from which we seek the numerical solution on the subinterval In .

(c) The following Newton iterative method can be applied to solve the nonlinear to
system in the practical computation: For given

{(
ul−1
h (tn j ), v

l−1
h (tn j ), r

l−1
h (tn j )

)}k
j=1 ⊂

Sh × Sh × R, find

{(
ulh(tn j ), v

l
h(tn j ), r

l
h(tn j )

)}k
j=1 ⊂ Sh × Sh × R

satisfying the linearized equations

(
∂t u

l
h(tn j ), ϕh

) = (
vlh(tn j ), ϕh

) ∀ϕh ∈ Sh, (3.7a)(
∂tv

l
h(tn j ), ψh

)+ i
(
vlh(tn j ), ψh

) + (∇ulh(tn j ),∇ψh
)

= (
rlh(tn j )g(u

l−1
h (tn j ))u

l−1
h (tn j ), ψh

)
+ (

rl−1
h (tn j )g1(u

l−1
h (tn j ))(u

l
h(tn j ) − ul−1

h (tn j )), ψh
)

+ (
rl−1
h (tn j )g2(u

l−1
h (tn j ))(u

l
h(tn j ) − ul−1

h (tn j )), ψh
) ∀ψh ∈ Sh,

(3.7b)

∂t r
l
h(tn j ) = 1

2
Re

(
g(ul−1

h (tn j ))u
l−1
h (tn j ), v

l
h(tn j )

)

+ 1

2
Re

(
g1(u

l−1
h (tn j ))(u

l
h(tn j ) − ul−1

h (tn j )), v
l−1
h (tn j )

)

+ 1

2
Re

(
g2(u

l−1
h (tn j ))(u

l
h(tn j ) − ul−1

h (tn j )), v
l−1
h (tn j )

)
, (3.7c)

ulh(tn−1) = un−1
h , vlh(tn−1) = vn−1

h and rlh(tn−1) = rn−1
h , (3.7d)

where
g1(u) := ∂u[g(u)u] and g2(u) := ∂u[g(u)u],

and denote by ∂u be the differentiation with respect to u in the expression of

g(u)u = f (uu)u√∫
�

1
2 F(uu) dx + c0

.

A tolerance error will be set to control the number of iterations.
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3.3 An integral reformulation of the algorithm

By setting ϕh = τ
2ϕh(tn j )w j in (3.6a) and ψh = τ

2ψh(tn j )w j in (3.6b), respectively,
summing up the results for j = 1, ..., k, and using (2.14)–(2.15), we obtain the fol-
lowing integral identities:

∫
In

(∂t uh, ϕh) dt =
∫
In

(Pn
τ vh, ϕh) dt ∀ϕh ∈ P

k ⊗ Sh, (3.8)

∫
In

(∂tvh, ψh) dt + i
∫
In

(Pn
τ vh, ψh) dt +

∫
In

(∇Pn
τ uh,∇ψh) dt (3.9)

− τ

2

k∑
j=1

w j
(
rh(tn j )g(uh(tn j ))uh(tn j ), ψh(tn j )

)=0 ∀ψh ∈ P
k ⊗ Sh .

Similarly, multiplying (3.6c) by τ
2qh(tn j )w j , summing up the results for j = 1, 2, ...,

k, and using (2.14) gives

∫
In

∂t rhqh dt = τ

2

k∑
j=1

w j

2
Re

(
g(uh(tn j ))uh(tn j ), vh(tn j )qh(tn j )

) ∀ qh ∈ P
k .

(3.10)

Remark 3 (a) Note that (3.8)–(3.10) provide an integral reformulation of algorithm
(3.6). By using the properties of the Legendre polynomials on each interval In , this
integral reformulation rewrites the Gauss collocation method (3.6) into a space-time
Galerkin FEM, which makes it easier to choose suitable test functions. Thus, (3.8)–
(3.10) will be crucially used later to show mass and energy conservations, as well as
existence, uniqueness, and convergence of numerical solutions.

(b) Algorithm (3.6) can be obtained by applying the Gauss quadrature rule (in time)
to the (continuous) space-time finite element method for (3.3).

3.4 Mass and energy conservations of the algorithm

The main result of this subsection is the following theorem.

Theorem 2 Let (uh, vh, rh) ∈ Xτ,h × Xτ,h × Yτ,h be a solution of algorithm (3.6).
Then the following mass and energy conservations hold for n ≥ 1:

1

2
‖uh(tn)‖2 + Im

(
vh(tn), uh(tn)

) = 1

2
‖u0h‖2 + Im (v0h, u

0
h), (3.11)

1

2
‖vh(tn)‖2 + 1

2
‖∇uh(tn)‖2 − |rh(tn)|2 + c0 = 1

2
‖v0h‖2 + 1

2
‖∇u0h‖2 − |r0h |2 + c0.

(3.12)
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Proof By setting ϕh = uh ∈ P
k ⊗ Sh in (3.8) and considering the real part of the

result, we obtain

Re
∫
In

(∂t uh, uh) dt = Re
∫
In

(Pn
τ vh, uh) dt . (3.13)

Then, by choosing ψh = uh ∈ P
k ⊗Sh in (3.9) and considering the imaginary part of

the result, we obtain

Im
∫
In

(∂tvh, uh) dt = −Im
∫
In
i(Pn

τ vh, uh) dt − Im
∫
In

(∇Pn
τ uh,∇uh) dt (3.14)

+ Im
τ

2

k∑
j=1

w j
(
rh(tn j )g(uh(tn j )), |uh(tn j )|2

)

= −Re
∫
In

(Pn
τ vh, uh) dt

= 1

2
‖uh(tn−1)‖2 − 1

2
‖uh(tn)‖2,

where we have used (3.13) in the last equality, and the following relation in the second
to last equality:

Im
∫
In

(∇Pn
τ uh,∇uh) dt = Im

∫
In

(∇Pn
τ uh,∇Pn

τ uh) dt = 0.

By choosing ϕh = vh ∈ P
k ⊗Sh in (3.8) and considering the imaginary part of the

result, we have

Im
∫
In

(∂t uh, vh) dt = Im
∫
In

(Pn
τ vh, vh) dt = Im

∫
In

(Pn
τ vh, P

n
τ vh) dt = 0, (3.15)

which implies that (via integration by parts in time)

−Im
∫
In
(∂tvh, uh) dt= Im

∫
In
(vh, ∂t uh) dt−Im[(vh(tn), uh(tn))−vh(tn−1), uh(tn−1))]

= −Im(vh(tn), uh(tn)) + Im(vh(tn−1), uh(tn−1)). (3.16)

This identity can be combined with (3.14) to yield the mass conservation of the numer-
ical solution, i.e.,

1

2
‖uh(tn)‖2 + Im

(
vh(tn), uh(tn)

) = 1

2
‖uh(tn−1)‖2 + Im

(
vh(tn−1), uh(tn−1)

)
.
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Alternatively, by setting ψh = vh and qh = 2rh in (3.9) and (3.10), respectively,
and considering the real parts, we have

Re
∫
In

(∂tvh, vh) dt+Re
∫
In

(∇Pn
τ uh,∇vh) dt (3.17)

= τ

2

k∑
j=1

w jRe
(
rh(tn j )g(uh(tn j ))uh(tn j ), vh(tn j )

)
,

|rh(tn)|2 − |rh(tn−1)|2 = τ

2

k∑
j=1

w jRe
(
rh(tn j )g(uh(tn j ))uh(tn j ), vh(tn j )

)
. (3.18)

Setting ϕh = �huh ∈ P
k ⊗ Sh in (3.8) and taking the real part yield

Re
∫
In

(∂t∇uh,∇uh) dt = Re
∫
In

(∇Pn
τ vh,∇uh

)
dt, (3.19)

which gives

Re
∫
In
(∇Pn

τ uh,∇vh) dt=Re
∫
In
(Pn

τ ∇vh,∇uh) dt= 1

2
‖∇uh(tn)‖2− 1

2
‖∇uh(tn−1)‖2.

(3.20)

Then, subtracting (3.18) from (3.17) and using (3.20), we obtain the energy conser-
vation, i.e.,

1

2
‖vh(tn)‖2 + 1

2
‖∇uh(tn)‖2 − |rh(tn)|2

= 1

2
‖vh(tn−1)‖2 + 1

2
‖∇uh(tn−1)‖2 − |rh(tn−1)|2. (3.21)

This completes the proof of Theorem 2. 
�

3.5 Consistency of the algorithm

For the comparison with the numerical solutions, we define the following intermediate
solutions in terms of the temporal and spatial Ritz projections:

u∗
h = Rn

τ Rhu, v∗
h = Rn

τ Rhv and r∗
h = Rn

τ r .

The consistency errors are defined as:

dnu : = ∂t R
n
τ (Rhu − u)+(v − v∗

h), (3.22a)
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dnv : = ∂t R
n
τ (Rhv − v)+i(v∗

h − v)+�h Rh(u − Rn
τ u) + rg(u)u − I nτ [r∗

h g(u
∗
h)u

∗
h],

(3.22b)

dnr : = 1

2
Re

[(
g(u)u, v

) − I nτ
(
g(u∗

h)u
∗
h, v

∗
h

)]
. (3.22c)

It is easy to check that there hold:

∫
In

(∂t u
∗
h, ϕh) dt =

∫
In

(Pn
τ v∗

h , ϕh) dt +
∫
In

(Pn
τ d

n
u , ϕh) dt, (3.23a)

∫
In

(∂tv
∗
h , ψh) dt + i

∫
In

(Pn
τ v∗

h , ψh) dt +
∫
In

(∇Pn
τ u

∗
h,∇ψh) dt (3.23b)

= τ

2

k∑
j=1

w j
(
r∗
h (tn j )g(u

∗
h(tn j ))u

∗
h(tn j ), ψh(tn j )

) +
∫
In

(Pn
τ d

n
v , ψh) dt,

∫
In

∂t r
∗
h qh dt = τ

4

k∑
j=1

w jRe
(
qh(tn j )g(u

∗
h(tn j ))u

∗
h(tn j ), v

∗
h(tn j )

) +
∫
In
Pn

τ d
n
r qh dt .

(3.23c)

The proof of the following theorem can be found in Appendix.

Theorem 3 Suppose that the solution of (1.1) is sufficiently smooth. Then dnu , dnv ∈
C(In; H1(�)) and the following estimate is satisfied:

sup
t∈In

‖dnu ‖H1 + sup
t∈In

‖dnv ‖L2 + sup
t∈In

|Pn
τ d

n
r | ≤ C(h p + τ k+1). (3.24)

4 Well-posedness and convergence analysis

We denote by euh = uh − u∗
h, ev

h = vh − v∗
h and erh = rh − r∗

h the error functions
of the numerical approximation. For the simplicity of notation, we use the following
abbreviations:

eunj = euh(tn j ), ev
nj = ev

h(tn j ) and ernj = erh(tn j ),

unj = uh(tn j ), vnj = vh(tn j ) and rnj = rh(tn j ),

u∗
nj = u∗

h(tn j ), v∗
nj = v∗

h(tn j ) and r∗
nj = r∗

h (tn j ),

ϕnj = ϕh(tn j ), ψnj = ψh(tn j ) and qnj = qh(tn j ).

Subtracting (3.23a)–(3.23c) from (3.8)–(3.10), we have the following error equa-
tions:

∫
In

(∂t e
u
h , ϕh) dt =

∫
In

(Pn
τ e

v
h, ϕh) dt −

∫
In

(Pn
τ d

n
u , ϕh) dt, (4.1a)
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∫
In

(∂t e
v
h, ψh) dt = −i

∫
In

(Pn
τ e

v
h, ψh) dt −

∫
In

(∇Pn
τ e

u
h ,∇ψh) dt (4.1b)

+ τ

2

k∑
j=1

w j
(
ernj g(unj )unj , ψnj

)

+ τ

2

k∑
j=1

w j

(
r∗
nj

[
g(unj )unj −g(u∗

nj )u
∗
nj

]
, ψnj

)
−

∫
In

(Pn
τ d

n
v , ψh) dt,

(4.1c)
∫
In

∂t e
r
hqh dt = τ

4

k∑
j=1

w jRe
(
qnj

[
g(unj )unj − g(u∗

nj )u
∗
nj

]
, v∗

nj

)

+ τ

4

k∑
j=1

w jRe
(
qnj g(unj )unj , e

v
nj

) −
∫
In
Pn

τ d
n
r qh dt, (4.1d)

which hold for all test functions ϕh ∈ P
k ⊗ Sh , ψh ∈ P

k ⊗ Sh and qh ∈ P
k .

Remark 4 For the given (u∗
h, v

∗
h , r

∗
h ), if (4.1a)–(4.1d) has a solution (euh , e

v
h, e

r
h) ∈

Xτ,h × Xτ,h ×Yτ,h then uh = u∗
h + euh , vh = v∗

h + ev
h and rh = r∗

h + erh form a solution
of the algorithm (3.6).

We denote by X∗
τ,h × X̃∗

τ,h × Y ∗
τ,h the subset of Xτ,h × Xτ,h × Yτ,h defined by

X∗
τ,h =

{
ϕh ∈ Xτ,h : max

1≤n≤N
max
1≤ j≤k

‖ϕh(tn j ) − u∗
h(tn j )‖L∞∩H1 ≤ 1

3

}
, (4.2a)

X̃∗
τ,h =

{
ψh ∈ Xτ,h : max

1≤n≤N
max
1≤ j≤k

‖ψh(tn j ) − v∗
h(tn j )‖L2 ≤ 1

3

}
, (4.2b)

Y ∗
τ,h =

{
qh ∈ Yτ,h : max

1≤n≤N
max
1≤ j≤k

|qh(tn j ) − r∗
h (tn j )| ≤ 1

3

}
. (4.2c)

Themain result of this section is the following theorem on the existence, uniqueness
and convergence of the numerical solutions.

Theorem 4 (Well-posedness and convergence) Let d ∈ {1, 2, 3} and assume that the
solution of the NLSW equation (1.1) is sufficiently smooth. Then there exist positive
constants τ0 and h0 such that, when τ ≤ τ0 and h ≤ h0, the nonlinear system in
(3.6) has a unique solution (uh, vh, rh) ∈ X∗

τ,h × X̃∗
τ,h ×Y ∗

τ,h. Moreover, this solution
satisfies the following error estimate:

max
t∈[0,T ]

(‖uh(t)−u∗
h(t)‖H1+‖vh(t)−v∗

h(t)‖L2+|rh−r∗
h (t)|) ≤ C(h p+τ k+1), (4.3)

Remark 5 (a) For the Dirichlet and Neumann boundary conditions, the mass and
energy conservations in Theorem 2 and the error estimate in Theorem 4 can be proved
similarly.
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(b) To avoid grid-ratio conditions for (1.1) with general nonlinearity, the well-
posedness and convergence of numerical solutions in Theorem 4 are proved based on
Schaefer’s fixed point theorem in an L∞-neighborhood of the exact solution, which
is quoted below.

Lemma 5 (Schaefer’s fixed point theorem [38, Chapter 9.2, Theorem 4]) Let B be a
Banach space and M : B → B be a continuous and compact mapping. If the set

{
φ ∈ B : φ = θM(φ) for some 0 ≤ θ ≤ 1

}
(4.4)

is bounded in B, then the mapping M has at least one fixed point.

For any (αh, γh, βh) ∈ Xτ,h × Xτ,h ×Yτ,h , we define a norm on Xτ,h × Xτ,h ×Yτ,h

by

‖(αh, γh, βh)‖Xτ,h×Xτ,h×Yτ,h := ‖αh‖L∞(0,T ;H1) + ‖γh‖L∞(0,T ;L2) + ‖βh‖L∞(0,T ),

(4.5)
and three associated numbers

ρ[αh] := min

⎛
⎝ 1

max
1≤n≤N

max
1≤ j≤k

‖αh(tn j )‖L∞∩H1
, 1

⎞
⎠ , (4.6a)

ρ[γh] := min

⎛
⎝ 1

max
1≤n≤N

max
1≤ j≤k

‖γh(tn j )‖L2
, 1

⎞
⎠ , (4.6b)

ρ[βh] := min

⎛
⎝ 1

max
1≤n≤N

max
1≤ j≤k

|βh(tn j )| , 1

⎞
⎠ , (4.6c)

which are continuous with respect to (αh, γh, βh) and satisfy

max
1≤n≤N

max
1≤ j≤k

‖ρ[αh]αh(tn j )‖L∞∩H1 ≤ 1, (4.7a)

max
1≤n≤N

max
1≤ j≤k

‖ρ[γh]γh(tn j )‖L2 ≤ 1, (4.7b)

max
1≤n≤N

max
1≤ j≤k

|ρ[βh]βh(tn j )| ≤ 1. (4.7c)

Then we define

uα
h := u∗

h + ρ[αh]αh, v
γ

h := v∗
h + ρ[γh]γh and rβ

h := r∗
h + ρ[βh]βh, (4.8)

with the following abbreviations:

uα
nj = uα

h (tn j ), v
γ

nj = v
γ

h (tn j ) and rβ
nj = rβ

h (tn j ),
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and define (euh , e
v
h, e

r
h) ∈ Xτ,h × Xτ,h × Yτ,h to be the solution of the following linear

equations:

∫
In

(∂t e
u
h , ϕh) dt =

∫
In

(Pn
τ γh, ϕh) dt −

∫
In

(Pn
τ d

n
u , ϕh) dt, (4.9a)

∫
In

(∂t e
v
h, ψh) dt + i

∫
In

(Pn
τ e

v
h, ψh) dt = −

∫
In

(∇Pn
τ αh,∇ψh) dt −

∫
In

(Pn
τ d

n
v , ψh) dt

+ τ

2

k∑
j=1

w j

(
r∗
nj

[
g(uα

nj )u
α
nj − g(u∗

nj )u
∗
nj

]
, ψnj

)

+ τ

2

k∑
j=1

w j
(
βnj g(u

α
nj )u

α
nj , ψnj

)
, (4.9b)

∫
In

∂t e
r
hqh dt = τ

4

k∑
j=1

w jRe
(
qnj

[
g(uα

nj )u
α
nj − g(u∗

nj )u
∗
nj

]
, v∗

nj

)

+ τ

4

k∑
j=1

w jRe
(
qnj g(u

α
nj )u

α
nj , γnj

)

−
∫
In
Pn

τ d
n
r qh dt, (4.9c)

which hold for all test functions ϕh ∈ P
k ⊗ Sh , ψh ∈ P

k ⊗ Sh and qh ∈ P
k , n =

1, . . . , N . In view of (4.7), (uα
h , v

γ

h , rβ
h ) ∈ (H1

0 ∩ L∞) × L2 × R is well defined.
Therefore, (4.9a)–(4.9c) is a linear system of equations for (euh , e

v
h, e

r
h) ∈ Xτ,h ×

Xτ,h × Yτ,h . If ρ[αh] = 1, ρ[γh] = 1 and ρ[βh] = 1 then (4.9a)–(4.9c) reduce to
(4.1a)–(4.1d).

We denote by M : Xτ,h × Xτ,h × Yτ,h → Xτ,h × Xτ,h × Yτ,h the mapping from
(αh, γh, βh) → (euh , e

v
h, e

r
h), and define the set

B = {
(αh, γh, βh) ∈ Xτ,h × Xτ,h × Yτ,h : ∃ θ ∈ [0, 1] s.t. (αh, γh, βh) = θM(αh, γh, βh)

}
.

(4.10)

By using similar techniques in the proof of [37, Lemma 4.2], it is straightforward
to show the following Lemma (for which the proof is omitted here).

Lemma 6 The mapping M : Xτ,h × Xτ,h ×Yτ,h → Xτ,h × Xτ,h ×Yτ,h is well defined,
continuous and compact.

The key to the proof of Theorem 4 is the following technical lemma.

Lemma 7 Let d ∈ {1, 2, 3} and assume that the solution of NLSW equation (1.1) is
sufficiently smooth. Let (αh, γh, βh) ∈ B and (euh , e

v
h, e

r
h) = M(αh, γh, βh), then there

exist positive constants τ0 and h0 such that when τ ≤ τ0 and h ≤ h0, the following
estimates hold:

‖euh‖L∞(0,T ;H1) + ‖ev
h‖L∞(0,T ;L2) + ‖erh‖L∞(0,T ) (4.11)
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≤ C
[
‖euh(0)‖H1+‖ev

h(0)‖L2 +|erh(0)|+ max
1≤n≤N

max
t ∈In

(‖dnu ‖H1+‖dnv ‖L2 +|Pn
τ d

n
r |)],

max
1≤n≤N

max
1≤ j≤k

‖euh(tn j )‖L∞∩H1 ≤ 1

3
, max
1≤n≤N

max
1≤ j≤k

‖ev
h(tn j )‖ ≤ 1

3
,

max
1≤n≤N

max
1≤ j≤k

|erh(tn j )| ≤ 1

3
, (4.12)

ρ[αh] = 1, ρ[γh] = 1 and ρ[βh] = 1. (4.13)

In this section, we prove Theorem 4 by using Lemma 7. The proof of Lemma 7 is
presented in the next section.

Proof of Theorem 4
Existence. By the definition of B, if (αh, γh, βh) ∈ B and (euh , e

v
h, e

r
h) = M(αh, γh,

βh), then
(αh, γh, βh) = θM(αh, γh, βh) = θ(euh , e

v
h, e

r
h),

thus, αh = θeuh , γh = θev
h and βh = θerh for some 0 ≤ θ ≤ 1. Note that the estimate

(4.11), we have

‖(αh, γh, βh)‖Xτ,h×Xτ,h×Yτ,h =‖αh‖L∞(0,T ;H1) +‖γh‖L∞(0,T ;L2) +‖βh‖L∞(0,T ) ≤C .

(4.14)
By using Schaefer’s fixed point theorem, there exists a fixed point (αh, γh, βh) for
the mapping M (corresponding to θ = 1 in B) such that (euh , e

v
h, e

r
h) = (αh, γh, βh)

satisfying (4.9a)–(4.9c) with

uα
h = u∗

h + αh, v
γ

h = v∗
h + γh and rβ

h = r∗
h + βh,

where we have used (4.13) in the expression (4.8). Then (4.13) guarantees that
(euh , e

v
h, e

r
h) is a solution of (4.1a)–(4.1d) with

(uh, vh, rh) = (uα
h , v

γ

h , rβ
h ) = (u∗

h + euh , v
∗
h + ev

h, r
∗
h + erh).

Accordingly, (uh, vh, rh) is a solution of the numerical scheme (3.6) as discussed in
Remark 4. In addition, (4.12) implies (uh, vh, rh) ∈ X∗

τ,h × X̃∗
τ,h × Y ∗

τ,h defined in

(4.2), which shows the existence of a numerical solution in X∗
τ,h × X̃∗

τ,h × Y ∗
τ,h .

Uniqueness. Suppose that (uh, vh, rh) and (ũh, ṽh, r̃h) in X∗
τ,h× X̃∗

τ,h×Y ∗
τ,h are two

pairs of numerical solutions, i.e. both (uh, vh, rh) and (ũh, ṽh, r̃h) satisfy (3.8)–(3.10).
Set ẽuh = uh − ũh , ẽv

h = vh − ṽh and ẽrh = rh − r̃h . Thus, we have (ẽuh , ẽ
v
h, ẽ

r
h) satisfies

(4.1a)–(4.1d) with u∗
nj = ũn j , r∗

nj = r̃n j and dnu = dnv = dnr = 0. In addition, the
definition in (4.2) gives

‖ẽuh(tn j )‖L∞∩H1 ≤1, ‖ẽv
h(tn j )‖L2 ≤1 and |ẽrh(tn j )| ≤ 1, 1 ≤ j ≤ k, 1 ≤ n ≤ N .

Accordingly, (ẽuh , ẽ
v
h, ẽ

r
h) is a fixed point of the mapping M (corresponding to θ = 1
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in B) in the case ẽuh(0) = ẽv
h(0) = ẽrh(0) = 0 and dnu = dnv = dnr = 0. Hence, by

using (4.11), we obtain

‖ẽuh‖L∞(0,T ;H1) + ‖ẽv
h‖L∞(0,T ;L2) + ‖ẽrh‖L∞(0,T ) (4.15)

≤ C
(
‖ẽuh (0)‖H1 + ‖ẽv

h(0)‖L2 + |ẽrh(0)| + max
1≤n≤N

max
t ∈In

(‖dnu ‖H1 + ‖dnv ‖L2 + |Pn
τ d

n
r |)) = 0.

Error estimates. Since the error function (euh , e
v
h, e

r
h) = (uh, vh, rh) − (u∗

h, v
∗
h , r

∗
h )

satisfies (4.1a)–(4.1d) and (4.12), it follows that (euh , e
v
h, e

r
h) is a fixed point of the

mapping M (corresponding to θ = 1 in B). Thus, (4.11) yields

‖euh‖L∞(0,T ;H1) + ‖ev
h‖L∞(0,T ;L2) + |erh |L∞(0,T )

≤C
(
‖euh(0)‖H1+‖ev

h(0)‖L2 +|erh(0)|+ max
1≤n≤N

max
t∈In

(‖dnu ‖H1+‖dnv ‖L2 +|Pn
τ d

n
r |)),

(4.16)
which together with the consistency error estimates in Theorem 3 yields the desired
error estimate (4.3). The proof is complete.

5 Proof of Lemma 7

This section is devoted to the proof of Lemma 7, which is used to prove Theorem 4
in the last section. Note that (αh, γh, βh) ∈ B and (euh , e

v
h, e

r
h) = M(αh, γh, βh), it

follows that
(αh, γh, βh) = θM(αh, γh, βh) = (θeuh , θe

v
h, θe

r
h),

which impliesαh = θeuh , γh = θev
h andβh = θerh . Then, (4.9a)–(4.9c) can be rewritten

as
∫
In

(∂t e
u
h , ϕh) dt = θ

∫
In

(Pn
τ e

v
h, ϕh) dt −

∫
In

(Pn
τ d

n
u , ϕh) dt, (5.1a)

∫
In

(∂t e
v
h, ψh) dt + i

∫
In

(Pn
τ e

v
h, ψh) dt + θ

∫
In

(∇Pn
τ e

u
h ,∇ψh) dt (5.1b)

= τ

2

k∑
j=1

w j

(
r∗
nj

[
g(uα

nj )u
α
nj − g(u∗

nj )u
∗
nj

]
, ψnj

)

+ θτ

2

k∑
j=1

w j
(
ernj g(u

α
nj )u

α
nj , ψnj

) −
∫
In

(Pn
τ d

n
v , ψh) dt,

∫
In

∂t e
r
hqh dt = τ

4

k∑
j=1

w jRe
(
qnj

[
g(uα

nj )u
α
nj − g(u∗

nj )u
∗
nj

]
, v∗

nj

)
(5.1c)

+ θτ

4

k∑
j=1

w jRe
(
qnj g(u

α
nj )u

α
nj , e

v
nj

) −
∫
In
Pn

τ d
n
r qh dt,
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which hold for all ϕh ∈ P
k ⊗ Sh , ψh ∈ P

k ⊗ Sh and qh ∈ P
k , n = 1, . . . , N .

Inequality (4.7) and definition (4.8) imply that

max
1≤n≤N

max
1≤ j≤k

(‖uα
nj‖H1 + ‖vγ

nj‖L2 + |rβ
nj |

)
(5.2)

≤ max
1≤n≤N

max
1≤ j≤k

(‖u∗
nj‖H1 + ‖v∗

nj‖L2 + |r∗
nj |

)

+ max
1≤n≤N

max
1≤ j≤k

(‖ρ[αh]αh(tn j )‖H1 + ‖ρ[γh]γh(tn j )‖L2 + |ρ[βh]βh(tn j )|
)

≤ ‖u∗
h‖L∞(0,T ;H1) + ‖v∗

h‖L∞(0,T ;L2) + ‖r∗
h‖L∞(0,T ) + 3.

Thus ‖uα
nj‖H1 , ‖vγ

nj‖ and |rβ
nj | are bounded uniformly with respect to τ and h.

The rest of the proof is divided into four parts.
Part 1: Estimation of ‖euh‖L2(In;H1) and ‖ev

h‖L2(In;L2). Note that

∫
In

‖∇Pn
τ e

u
h‖2 dt =

∫
In

(∇euh(t),∇Pn
τ e

u
h(t)

)
dt (5.3)

=
∫
In

[(∇euh(tn−1),∇Pn
τ e

u
h(tn−1)

) +
∫ t

tn−1

∂s
(∇euh(s),∇Pn

τ e
u
h(s)

)
ds

]
dt

= τ
(∇euh(tn−1),∇Pn

τ e
u
h(tn−1)

) +
∫
In

∂s
(∇euh(s),∇Pn

τ e
u
h(s)

)
(tn − s) ds

= τ
(∇euh(tn−1),∇Pn

τ e
u
h(tn−1)

) + Re
∫
In

(
∂t∇euh(t),∇Pn

τ e
u
h(t)(tn − t)

)
dt

+ Re
∫
In

(
∇euh(t), (tn − t)∂t∇Pn

τ e
u
h(t)

)
dt

= τ
(∇euh(tn−1),∇Pn

τ e
u
h(tn−1)

)+Re
∫
In

(
∂t∇euh(t), P

n
τ

[∇Pn
τ e

u
h(t)(tn−t)

])
dt

+ Re
∫
In

(
∇Pn

τ e
u
h(t), (tn − t)∂t∇Pn

τ e
u
h(t)

)
dt

=: τ
(∇euh(tn−1),∇Pn

τ e
u
h(tn−1)

) + Ju1 + Ju2 .

Using integration by parts, we have

Ju2 =
∫
In

1

2

d

dt
‖∇Pn

τ e
u
h(t)‖2(tn−t) dt= −1

2
‖∇Pn

τ e
u
h(tn−1)‖2τ +

∫
In

1

2
‖∇Pn

τ e
u
h‖2 dt,

which together with (5.3) yields

1

2

∫
In

‖∇Pn
τ e

u
h‖2 dt ≤ τ |(∇euh(tn−1),∇Pn

τ e
u
h(tn−1)

)| + Ju1 . (5.4)
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Similarly, we can estimate
∫
In

‖Pn
τ e

u
h‖2 dt to get

1

2

∫
In

‖Pn
τ e

u
h‖2 dt ≤ τ |(euh(tn−1), P

n
τ e

u
h(tn−1)

)| + Ju3 , (5.5)

where Ju3 = Re
∫
In

(
∂t euh(t), P

n
τ

[
Pn

τ e
u
h(t)(tn − t)

])
dt . Thus, from (5.4)–(5.5) we have

1

2

∫
In

‖Pn
τ e

u
h‖2H1 dt (5.6)

≤ τ |(euh(tn−1), P
n
τ e

u
h(tn−1)

)| + τ |(∇euh(tn−1),∇Pn
τ e

u
h(tn−1)

)| + Ju1 + Ju3 .

By choosing ϕh = (−�h)Pn
τ

[
Pn

τ e
u
h(t)(tn − t)

]
in (5.1a) and taking the real part, we

have

Ju1 = Re
∫
In

(
∂t e

u
h(t), (−�h)P

n
τ

[
Pn

τ e
u
h(t)(tn − t)

])
dt (5.7)

= θRe
∫
In

(
∇Pn

τ e
v
h(t), P

n
τ

[∇Pn
τ e

u
h(t)(tn − t)

])
dt

− Re
∫
In

(
∇Pn

τ d
n
u , Pn

τ

[∇Pn
τ e

u
h(t)(tn − t)

])
dt =: Ju11 + Ju12.

To estimate Ju11, we set ψh = Pn
τ

[
Pn

τ e
v
h(t)(tn − t)

]
in (5.1b) and take the real part

to get

Ju11 = θRe
∫
In

(
∇Pn

τ e
u
h(t), P

n
τ

[∇Pn
τ e

v
h(t)(tn − t)

])
dt (5.8)

= −Re
∫
In

(
∂t e

v
h(t), P

n
τ

[
Pn

τ e
v
h(t)(tn − t)

])
dt

− Re
∫
In
i
(
Pn

τ e
v
h(t), P

n
τ

[
Pn

τ e
v
h(t)(tn − t)

])
dt

+ θτ

2

k∑
j=1

w jRe
(
ernj g(u

α
nj )u

α
nj , P

n
τ

[
Pn

τ e
v
nj (tn − tn j )

])

+ τ

2

k∑
j=1

w jRe
(
r∗
nj

[
g(uα

nj )u
α
nj − g(u∗

nj )u
∗
nj

]
, Pn

τ

[
Pn

τ e
v
nj (tn − tn j )

])

− Re
∫
In

(
Pn

τ d
n
v , Pn

τ

[
Pn

τ e
v
h(t)(tn − t)

])
dt =:

5∑
m=1

Ju11m .
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Using integration by parts, we have

Ju111 = τ
(
ev
h(tn−1), P

n
τ e

v
h(tn−1)

) + Re
∫
In

(
Pn

τ e
v
h(t), ∂t

(
Pn

τ e
v
h(t)(tn − t)

))
dt (5.9)

≤ τ |(ev
h(tn−1), P

n
τ e

v
h(tn−1)

)| − 1

2

∫
In

‖Pn
τ e

v
h‖2 dt − 1

2
τ‖Pn

τ e
v
h(tn−1)‖2.

Note that

Ju112= Im
∫
In

(
Pn

τ e
v
h(t), P

n
τ

[
Pn

τ e
v
h(t)(tn − t)

])
dt= Im

∫
In

‖Pn
τ e

v
h(t)‖2(tn − t) dt=0.

(5.10)

Substituting (5.7)–(5.10) into (5.6) and using temporal inverse inequality, we obtain

1

2

∫
In

‖Pn
τ e

u
h‖2H1 dt + 1

2

∫
In

‖Pn
τ e

v
h‖2 dt (5.11)

≤ τ |(∇euh (tn−1),∇Pn
τ e

u
h (tn−1)

)| + τ |(euh (tn−1), P
n
τ e

u
h (tn−1)

)|
+ τ |(ev

h(tn−1), P
n
τ e

v
h(tn−1)

)| +
5∑

m=3

Ju11m + Ju12 + Ju3

≤ Cτ‖euh (tn−1)‖H1

( 1
τ

∫
In

‖Pn
τ e

u
h‖2H1 dt

) 1
2 + Cτ‖ev

h(tn−1)‖
( 1

τ

∫
In

‖Pn
τ e

v
h‖2 dt

) 1
2

+
5∑

m=3

Ju11m + Ju12 + Ju3 ,

which implies

∫
In

‖Pn
τ e

u
h‖2H1 dt +

∫
In

‖Pn
τ e

v
h‖2 dt (5.12)

≤ Cτ‖euh(tn−1)‖2H1 + Cτ‖ev
h(tn−1)‖2 + 4

5∑
m=3

Ju11m + 4Ju12 + 4Ju3 .

Now we bound the remaining terms on the right-hand side of (5.12) separately. By
using identity (2.14) and inequality (2.17), we obtain

Ju113 ≤ τ

2

k∑
j=1

w j |ernj |
∥∥g(uα

nj )u
α
nj

∥∥∥∥Pn
τ

[
Pn

τ e
v
nj (tn − tn j )

]∥∥

≤ Cτ

k∑
j=1

w j |ernj |
∥∥Pn

τ

[
Pn

τ e
v
nj (tn − tn j )

]∥∥ (here (5.2) is used)
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≤ 1

16τ 2

∫
In

∥∥Pn
τ

[
Pn

τ e
v
h(t)(tn − t)

]∥∥2 dt + Cτ 2
∫
In

|erh |2 dt

≤ 1

16

∫
In

‖Pn
τ e

v
h‖2 dt + Cτ 2

∫
In

|erh |2 dt,

Ju114 ≤ τ

2

k∑
j=1

w j |r∗
nj |

∥∥Pn
τ

[
g(Pn

τ u
α
nj )P

n
τ u

α
nj − g(Pn

τ u
∗
nj )P

n
τ u

∗
nj

]∥∥

×∥∥Pn
τ

[
Pn

τ e
v
nj (tn − tn j )

]∥∥

≤ Cτ

k∑
j=1

w j
∥∥Pn

τ e
u
nj

∥∥∥∥Pn
τ

[
Pn

τ e
v
nj (tn − tn j )

]∥∥ (here (5.2) is used)

≤ Cτ

∫
In

‖Pn
τ e

u
h‖2 dt + Cτ

∫
In

‖Pn
τ e

v
h‖2 dt,

Ju115 ≤ Cτ 2
∫
In

‖Pn
τ d

n
v ‖2 dt + 1

16

∫
In

‖Pn
τ e

v
h‖2 dt ≤ Cτ 3 max

t∈In
‖dnv ‖2

+ 1

16

∫
In

‖Pn
τ e

v
h‖2 dt,

and by using (2.3b), we have

Ju12 = Re
∫
In

(
∇Ph P

n
τ d

n
u , Pn

τ

[∇Pn
τ e

u
h(t)(tn − t)

])
dt

≤ 1

16

∫
In

‖∇Pn
τ e

u
h‖2 dt + Cτ 3 max

t∈In
‖dnu ‖2H1 .

Setting ϕh = Pn
τ

[
Pn

τ e
u
h(t)(tn − t)

]
in (5.1a) and taking the real part, we obtain

Ju3 = θRe
∫
In

(
Pn

τ e
v
h(t), P

n
τ

[
Pn

τ e
u
h(t)(tn − t)

])
dt

− Re
∫
In

(
Pn

τ d
n
u , Pn

τ

[
Pn

τ e
u
h(t)(tn − t)

])
dt

≤ Cτ 2
∫
In

‖Pn
τ e

v
h‖2 dt + 1

16

∫
In

‖Pn
τ e

u
h‖2 dt + Cτ 3 max

t∈In
‖dnu ‖2H1 . (5.13)

Substituting the estimates of Ju11m , m = 3, 4, 5, Ju12 and Ju3 into (5.12), for suffi-
ciently small step size τ , we have

∫
In

‖Pn
τ e

u
h‖2H1 dt +

∫
In

‖Pn
τ e

v
h‖2 dt (5.14)

≤Cτ
(
‖euh(tn−1)‖2H1+‖ev

h(tn−1)‖2
)
+Cτ 2

∫
In

|erh |2 dt+Cτ 3 max
t∈In

(‖dnu ‖2H1+‖dnv ‖2).
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By using inequality (2.16), we can remove the operator Pn
τ in the above inequality,

i.e.

∫
In

‖euh‖2H1 dt +
∫
In

‖ev
h‖2 dt (5.15)

≤Cτ
(‖euh(tn−1)‖2H1+‖ev

h(tn−1)‖2
)+Cτ 2

∫
In

|erh |2 dt+Cτ 3 max
t∈In

(‖dnu ‖2H1+‖dnv ‖2).

Part 2: Estimation of ‖erh‖L2(In). To estimate the third term on the right-hand side of
(5.15), we proceed similarly as (5.3), that is

∫
In

|Pn
τ e

r
h |2 dt = τerh(tn−1)P

n
τ e

r
h(tn−1) +

∫
In

∂t e
r
h(t)P

n
τ

[
Pn

τ e
r
h(t)(tn − t)

]
dt

(5.16)

+
∫
In
Pn

τ e
r
h(t)(tn − t)∂t P

n
τ e

r
h(t) dt

=: τerh(tn−1)P
n
τ e

r
h(tn−1) + Jr1 + Jr2 .

By using integration by parts and temporal inverse inequality, we have

∫
In

|Pn
τ e

r
h |2 dt ≤ Cτ |erh(tn−1)|2 + 4Jr1 . (5.17)

In order to estimate Jr1 , we choose qh = Pn
τ

[
Pn

τ e
r
h(t)(tn − t)

]
in (5.1c) to derive

Jr1 = τ

4

k∑
j=1

w jRe
(
Pn

τ [Pn
τ e

r
nj (tn − tn j )]

[
g(uα

nj )u
α
nj − g(u∗

nj )u
∗
nj

]
, v∗

nj

)
(5.18)

+ θτ

4

k∑
j=1

w jRe
(
Pn

τ [Pn
τ e

r
nj (tn − tn j )]g(uα

nj )u
α
nj , e

v
nj

)

−
∫
In
Pn

τ d
n
r P

n
τ [Pn

τ e
r
h(t)(tn − t)] dt =:

3∑
m=1

Jr1m .

By using (2.17), we have

Jr11 ≤ τ

4

k∑
j=1

w j |Pn
τ

[
Pn

τ e
r
nj (tn − tn j )

]|∥∥g(uα
nj )u

α
nj − g(u∗

nj )u
∗
nj

∥∥∥∥v∗
nj

∥∥

≤ Cτ

k∑
j=1

w j |Pn
τ

[
Pn

τ e
r
nj (tn − tn j )

]|∥∥eunj
∥∥
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≤ 1

16τ 2
τ

2

k∑
j=1

w j |Pn
τ

[
Pn

τ e
r
nj (tn − tn j )

]|2 + Cτ 2
τ

2

k∑
j=1

w j‖eunj‖2

≤ 1

16

∫
In

|Pn
τ e

r
h |2 dt + Cτ 2

∫
In

‖euh‖2 dt,

Jr12 ≤ τ

4

k∑
j=1

w j |Pn
τ

[
Pn

τ e
r
nj (tn − tn j )

]|∥∥g(uα
nj )u

α
nj

∥∥∥∥ev
nj

∥∥

≤ 1

16τ 2
τ

2

k∑
j=1

w j |Pn
τ

[
Pn

τ e
r
nj (tn − tn j )

]|2 + Cτ 2
τ

2

k∑
j=1

w j‖ev
nj‖2

≤ 1

16

∫
In

|Pn
τ e

r
h |2 dt + Cτ 2

∫
In

‖ev
h‖2 dt,

and

Jr13 ≤ Cτ 2
∫
In

|Pn
τ d

n
r |2 dt + 1

16τ 2

∫
In

|Pn
τ

[
Pn

τ e
r
h(t)(tn − t)

]|2 dt

≤ Cτ 3 max
t∈In

|Pn
τ d

n
r |2 + 1

16

∫
In

|Pn
τ e

r
h |2 dt .

Substituting the estimates of Jr1m , m = 1, 2, 3 into (5.17)–(5.18), and using (2.16),
we get

∫
In

|erh |2 dt ≤ Cτ |erh(tn−1)|2 + Cτ 3 max
t∈In

|Pn
τ d

n
r |2 + Cτ 2

∫
In

(‖euh‖2 + ‖ev
h‖2

)
dt .

(5.19)
Then, combining (5.19) and (5.15), for sufficient small time step τ , we obtain

∫
In

‖euh‖2H1 dt +
∫
In

‖ev
h‖2 dt +

∫
In

|erh |2 dt (5.20)

≤ Cτ
(
‖euh(tn−1)‖2H1 + ‖ev

h(tn−1)‖2 + |erh(tn−1)|2
)

+ Cτ 3 max
t∈In

(
‖dnu ‖2H1 + ‖dnv ‖2 + |Pn

τ d
n
r |2

)
.

Part 3: Estimation of ‖euh(tn)‖H1 , ‖ev
h(tn)‖ and |erh(tn)|. By setting ϕh = euh and−

�heuh in (5.1a), respectively, taking the real part and summing up the resulting iden-
tities, we get

1

2
‖euh(tn)‖2H1 − 1

2
‖euh(tn−1)‖2H1

= θRe
∫
In

(∇Pn
τ e

u
h(t),∇Pn

τ e
v
h(t)

)
dt − Re

∫
In

(∇Pn
τ d

n
u ,∇euh(t)

)
dt

+ θRe
∫
In

(
Pn

τ e
u
h(t), P

n
τ e

v
h(t)

)
dt − Re

∫
In

(
Pn

τ d
n
u , euh(t)

)
dt . (5.21)

123

77 Page 26 of 38



Mass- and energy-conserving Gauss collocation...

Setting ψh = ev
h in (5.1b) and taking the real part, we have

1

2
‖ev

h(tn)‖2−
1

2
‖ev

h(tn−1)‖2 + θRe
∫
In

(∇Pn
τ e

u
h(t),∇Pn

τ e
v
h(t)

)
dt (5.22)

= τ

2

k∑
j=1

w jRe
(
r∗
nj

[
g(uα

nj )u
α
nj − g(u∗

nj )u
∗
nj

]
, ev

nj

)

+ θτ

2

k∑
j=1

w jRe
(
ernj g(u

α
nj )u

α
nj , e

v
nj

) − Re
∫
In

(
Pn

τ d
n
v , Pn

τ e
v
h(t)

)
dt .

Summing up the above two identities gives

1

2
‖euh(tn)‖2H1+ 1

2
‖ev

h(tn)‖2 − 1

2
‖euh(tn−1)‖2H1 − 1

2
‖ev

h(tn−1)‖2 (5.23)

≤Cτ

k∑
j=1

w j
(|ernj | + ‖eunj‖

)‖ev
nj‖ + C

∫
In

‖dnu ‖H1‖euh‖H1 dt

+ C
∫
In

‖dnv ‖‖ev
h‖ dt + C

∫
In

‖euh‖‖ev
h‖ dt

≤C
∫
In

(‖euh‖2H1 + ‖ev
h‖2 + |erh |2 + ‖dnu ‖2H1 + ‖dnv ‖2) dt .

Similarly, setting qh = 2erh in (5.1c) yields

|erh(tn)|2 − |erh(tn−1)|2

≤ Cτ

k∑
j=1

w j |ernj |‖eunj‖ + Cτ

k∑
j=1

w j |ernj |‖ev
nj‖ + C

∫
In

|Pn
τ d

n
r ||erh | dt

≤ C
∫
In

(‖euh‖2H1 + ‖ev
h‖2 + |erh |2 + |Pn

τ d
n
r |2) dt . (5.24)

Part 4: Completion of the proof. Summing up (5.23) and (5.24), and substituting
(5.20) into the resulting inequality, we obtain

(‖euh(tn)‖2H1+‖ev
h(tn)‖2+|erh(tn)|2

)−(‖euh(tn−1)‖2H1+‖ev
h(tn−1)‖2+|erh(tn−1)|2

)
≤ Cτ

(‖euh(tn−1)‖2H1 + ‖ev
h(tn−1)‖2 + |erh(tn−1)|2

)
(5.25)

+ C
∫
In

(‖dnu ‖2H1 + ‖dnv ‖2 + |Pn
τ d

n
r |2) dt .

123

Page 27 of 38 77



S. Ma et al

It follows from Gronwall’s inequality that

max
1≤n≤N

(‖euh(tn)‖2H1 + ‖ev
h(tn)‖2 + |erh(tn)|2

)
(5.26)

≤C
(‖euh(0)‖2H1+‖ev

h(0)‖2+|erh(0)|2
)+C

N∑
n=1

∫
In

(‖dnu ‖2H1+‖dnv ‖2+|Pn
τ d

n
r |2) dt .

Then, substituting this inequality into (5.20) and using temporal inverse inequality,
we get

max
t∈[0,T ]

(
‖euh(t)‖2H1 + ‖ev

h(t)‖2 + |erh(t)|2
)

(5.27)

≤C
[
‖euh(0)‖2H1+‖ev

h(0)‖2+|erh(0)|2+ max
1≤n≤N

max
t∈In

(‖dnu ‖2H1+‖dnv ‖2+|Pn
τ d

n
r |2)],

Hence, (4.11) holds.
Similarly as the proof in [37], for finite elements of degree p ≥ 1 and sufficiently

small stepsize τ and mesh size h, inequality (5.27) and error equation (5.1b) imply
that

max
t∈[0,T ] ‖e

u
h(t)‖L∞∩H1 ≤ 1

3
, max

t∈[0,T ] ‖e
v
h(t)‖L2 ≤ 1

3
and max

t∈[0,T ] |e
r
h(t)| ≤ 1

3
, (5.28)

which gives (4.12).
Furthermore, it follows from αh = θeuh , γh = θev

h and βh = θerh with 0 ≤ θ ≤ 1
that

max
1≤n≤N

max
1≤ j≤k

‖αnj‖L∞∩H1 ≤ 1

3
, max
1≤n≤N

max
1≤ j≤k

‖γnj‖L2 ≤ 1

3
and max

1≤n≤N
max
1≤ j≤k

|βnj |≤ 1

3
,

which imply ρ[αh] = ρ[γh] = ρ[βh] = 1 in view of (4.6). This prove (4.13). The
proof of Lemma 7 is complete.

6 Numerical experiments

In this section, we present numerical tests to support the theoretical results proved in
Theorems 2 and 4 about the mass and energy conservations, and the convergence of
the proposed method. All the computations are performed using the software package
FEniCS (https://fenicsproject.org).
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6.1 1D example

We consider the NLSW equation on the one-dimensional torus � = [0, 1] (which
identifies the two end points of the unit interval)

∂t t u + i∂t u − ∂xxu − 2|u|2u = 0 on [0, 1] × (0, T ],
u|t=0 = sin(2πx), ∂t u|t=0 = i sin(2πx) on [0, 1], (6.1)

subject to periodic boundary condition. Problem (6.1) is solved by the proposed Gauss
collocation method in (3.6). Newton’s iteration is used to solve the nonlinear algebraic
systemwith a tolerance error of 10−8. Here, themass and SAV energy of the numerical
solution are defined as

Mh(t) =
∫

�

(1
2
|uh(t)|2 + Im[vh(t) uh(t)]

)
dx t ≥ 0, (6.2)

Eh(t) =
∫

�

1

2

(
|vh(t)|2 + |∇uh(t)|2

)
dx − rh(t)

2 + c0 t ≥ 0, (6.3)

respectively. The evolution ofmass andSAVenergy of numerical solutions is presented
in Fig. 1 with τ = 1/10 and h = 1/200. We can observe clearly that the mass and
SAV energy is conserved as the time increases, which is consistent with theoretical
analysis.

The error ‖uh,ref −uh‖�∞(0,T ;H1) is computed by comparing the numerical solution
with the reference solution given by sufficiently small stepsize andmesh size. The tem-
poral discretization errors are presented in Table 1, where we have used finite elements
of degree 3, and the reference solution uh,ref is chosen to be the numerical solution
with τ = 1/420 and h = 1/1024. The spatial discretization errors are presented in
Table 2, where we have chosen k = 2 and uh,ref is computed with τ = 1/210 and
h = 1/1024. From Table 1 and 2, we see that the temporal and spatial convergence
rates are O(τ k+1) and O(h p), respectively. This is consistent with the theoretical
result proved in Theorem 4.

Fig. 1 Evolution of Mh(t) − Mh(0) and Eh(t) − Eh(0) in 1D, with p = 3, h = 1/200, and τ = 1/10
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Table 1 Time discretization errors of the proposed method, with p = 3, h = 1/1024 and T = 2

k = 1 k = 2 k = 3
N Error Rate N Error Rate N Error Rate

80 9.213E–02 – 200 1.070E–05 – 200 6.253E–08 –

100 5.900E–02 2.00 240 6.044E–06 3.13 240 3.002E–08 4.02

120 4.082E–02 2.02 280 3.741E–06 3.11 280 1.603E–08 4.07

140 2.987E–02 2.02 320 2.498E–06 3.03 320 9.493E–09 3.92

6.2 2D example

Next, we consider the following nonlinear Schrödinger equation

∂t t u + i∂t u − ∂xxu − ∂yyu − 2|u|2u = b on � × (0, T ],
u|t=0 = sin(πx) sin(π y), ∂t u|t=0 = i2 sin(πx) sin(π y) on �,

(6.4)

on the two-dimensional space � = [0, 1] × [0, 1], subject to periodic boundary con-
dition, and

b(x, y, t) = (2π2 − 6) sin(πx) sin(π y) exp(i2t) − 2 sin3(πx) sin3(π y) exp(i2t).
(6.5)

In this example, the exact solution of problem (6.4) is known and is given by

u(x, y, t) = exp(i2t) sin(πx) sin(π y). (6.6)

Thus, we compare the numerical solutions with the exact solution (6.6) and compute
the error ‖u − uh‖�∞(0,T ;H1). Here, we solve problem (6.4) by the proposed method
for k = 1, 2, 3. Newton’s iteration is used to solve the nonlinear algebraic system with
a tolerance error of 10−8.

The time discretization errors are presented in Table 3, where we have used finite
elements of degree 3 with a sufficiently spatial mesh h = 1/256, so that the error of
spatial discretization is negligibly small in observing the temporal convergence rates.

Table 2 Spatial discretization errors of the proposed method, with k = 2, τ = 1/210 and T = 2

p = 1 p = 2 p = 3
h Error Rate h Error Rate h Error Rate

1/16 5.154E–01 – 1/16 2.532E–02 – 1/16 8.618E–04 –

1/32 2.516E–01 1.03 1/32 6.323E–03 2.00 1/32 1.080E–04 3.00

1/64 1.246E–01 1.01 1/64 1.581E–03 2.00 1/64 1.349E–05 3.00

1/128 6.184E–02 1.01 1/128 3.953E–04 2.00 1/128 1.684E–06 3.00
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Table 3 Time discretization errors of the proposed method, with p = 3, h = 1/256 and T = 1

k = 1 k = 2 k = 3
N Error Rate N Error Rate N Error Rate

15 1.046E–02 – 15 4.606E–05 – 6 1.451E–05 –

20 5.901E–03 1.99 20 1.897E–05 3.08 9 2.849E–06 4.02

25 3.780E–03 2.00 25 9.615E–06 3.05 12 9.008E–07 4.00

30 2.627E–03 2.00 30 5.516E–06 3.04 15 3.700E–07 3.99

From Table 3, we see that the temporal convergence rate is O(τ k+1), which is
consistent with our theoretical result.

The spatial discretization errors are presented in Table 4, where we have chosen
k = 2 with a sufficiently small time stepsize τ = 1/128, so that the time discretization
error is negligibly small compared to the spatial error. From Table 4, we see that the
spatial convergence rate is O(h p). This is also consistent with our theoretical result.

We further consider the case of b(x, y, t) = 0 and present the evolution of mass
and SAV energy of the numerical solutions in Fig. 2 with τ = 0.1 and h = 0.1. Again,
it is shown that the mass and SAV energy is conserved as the time increases.

6.3 Comparison with other existing numerical method

In this example, we consider the following nonlinear Schrödinger equation

∂t t u + i∂t u − �u + |u|2u = b on � × (0, T ],
u = 0 on ∂� × (0, T ],

u|t=0 = sin(πx) sin(π y), ∂t u|t=0 = −i
√
2π sin(πx) sin(π y) on �,

(6.7)

where � = [0, 1] × [0, 1] and

b(x, y, t) = (
√
2π + sin2(πx) sin2(π y)) sin(πx) sin(π y) exp(−i

√
2π t). (6.8)

The exact solution of problem (6.7) is known and is given by

u(x, y, t) = exp(−i
√
2π t) sin(πx) sin(π y). (6.9)

Table 4 Spatial discretization errors of the proposed method, with k = 2, τ = 1/128 and T = 1

p = 1 p = 2 p = 3
h Error Rate h Error Rate h Error Rate

1/10 3.526E–01 – 1/10 2.153E–02 – 1/10 9.876E–04 –

1/20 1.750E–01 1.01 1/20 5.399E–03 2.00 1/20 1.238E–04 3.00

1/30 1.165E–01 1.00 1/30 2.401E–03 2.00 1/30 3.669E–05 3.00

1/40 8.730E–02 1.00 1/40 1.351E–03 2.00 1/40 1.548E–06 3.00
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Fig. 2 Evolution of Mh(t) − Mh(0) and Eh(t) − Eh(0) in 2D, with p = 3, h = 1/10, and τ = 1/10

Here, we compute the error ‖u − uh‖�∞(0,T ;L2) and compare our numerical scheme
(3.6) (with three Gauss points) with the following linearized Leap-frog finite element
method proposed in [26]:

(δ2τU
n
h , vh) + (∇Un̄

h ,∇vh) + i(DτU
n
h , vh) + (|Un

h |2Un̄
h , vh) = (bn, vh), (6.10)

with

δ2τU
n
h = Un+1

h − 2Un
h +Un−1

h

τ 2
, DτU

n
h = Un+1

h −Un−1
h

2τ
, Un̄

h = Un+1
h +Un−1

h

2
.

We compare the errors of our SAV collocation method (3.6) with the errors of
scheme (6.10) reported in [26]. Based on the results presented in Table 5, we can see
that our method achieves spatial discretization errors comparable to those of scheme
(6.10) and maintains the same spatial convergence rate, even when using a larger
time step size. The time discretization errors are presented in Table 6, which show
that the SAV collocation method (3.6) with three Gauss points exhibits significantly
smaller errors compared to those of scheme (6.10), even applied on coarser grids. In
this case, the absence of a convergence order for the SAV collocation method (3.6)
can be attributed to the dominance of spatial errors.

Table 5 Spatial discretization errors of the proposed method and linearized method

SAV scheme (3.6) with τ = 2−6 Scheme (6.10) with τ = 2−14

h P1 element P2 element P1 element P2 element

1/16 1.019E-02 7.056E-05 1.136E-02 6.159E-05

1/32 2.555E-03 8.661E-06 2.843E-03 7.511E-06

1/64 6.392E-04 1.077E-06 7.126E-04 9.321E-07

rate 2.00 3.02 2.00 3.02
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Table 6 Temporal discretization errors of the proposed method and linearized method

SAV scheme (3.6) with h = 2−6 Scheme (6.10) with h = 2−9

τ P1 element P2 element P1 element P2 element

1/16 6.392E-04 1.918E-06 2.367E-02 2.365E-02

1/32 6.392E-04 1.085E-06 6.196E-03 6.083E-03

1/64 6.392E-04 1.077E-06 1.572E-04 1.503E-03

rate * * 2.00 3.02

7 Conclusions

In this article, we have proposed a Gauss collocation time-steppingmethod, with finite
elementmethod spatial discretization, for theNLSWequation in a d-dimensional torus
with d ∈ {1, 2, 3}. The scalar auxiliary variable approach is used to preserves the mass
and energy conservations simultaneously at the discrete level. We have proved the
existence, uniqueness and convergence of the numerical solution to the exact solution
with order O(h p + τ k+1) in the L∞(0, T ; H1) norm, where (p, k) is the degree of
the space-time finite elements. The proof is presented for the NLSW equation in a d-
dimensional toruswith d ∈ {1, 2, 3}, but it can be naturally extended to other boundary
conditions, such as the homogeneous Dirichlet boundary condition.

The proof of (5.28), though omitted in this paper, actually uses the same technique
of [37] which controls the L∞ norm of euh by using the inverse inequality of finite
element space plus the L2 norm of �heuh . This requires the dimension of the space to
be smaller than 3. This approach does not require any grid-ratio condition between τ

and h. It is worth noting that our analysis method can be similarly extended to higher
spatial dimensions. For higher-dimensional problems, we cannot use the L2 norm of
�heuh to control the L∞ norm of euh . In this case, we need to control the L∞ norm
of euh by only using the inverse inequality of finite element space. This will lead to a

grid-ratio condition τ k+1 = o(h
d
2 −1) and requires the degree p of finite elements to

satisfy that p ≥ d
2 − 1.

Appendix: Consistency Analysis

Since the spatial Ritz projection Rh maps H1(�) into Sh ⊂ H1(�), and the temporal
Ritz projection Rn

τ mapsW 1,∞(In; H1(�)) into Pk ⊗ H1(�), we can show that every
term of dnu and dnv defined in (3.22a) and (3.22b) is in C(In; H1(�)). This implies
dnu ∈ C(In; H1(�)) and dnv ∈ C(In; H1(�)).

By using the triangle inequality, from (3.22a) we have

max
t∈In

‖dnu ‖H1 ≤max
t∈In

‖∂t Rn
τ (Rhu−u)‖H1+max

t∈In
‖v−Rn

τ v‖H1+max
t∈In

‖Rn
τ v−Rn

τ Rhv‖H1

=: Du
1 + Du

2 + Du
3 . (A.1)
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Choosing m = 0 in (2.21), we obtain the following stability result:

‖Rn
τ u‖W 1,∞(In;Hs ) ≤ C‖u‖W 1,∞(In;Hs ), (A.2)

which together with (2.6) implies

Du
1 ≤ C‖Rhu − u‖W 1,∞(In;H1) ≤ Chp‖u‖W 1,∞(In;H p+1).

With the help of (2.6) , (2.21) and (2.22), we have

Du
2 ≤ Cτ k+1‖v‖Wk+1,∞(In;H1) ≤ Cτ k+1‖u‖Wk+2,∞(In;H1),

Du
3 ≤ Chp max

t∈In
‖Rn

τ v‖H p+1 ≤ Chp max
t∈In

‖v‖H p+1 ≤ Chp‖u‖W 1,∞(In;H p+1).

Then, substituting the estimates of Du
j , j = 1, 2, 3 into (A.1), we obtain the desired

for ‖dnu ‖H1 .
For the estimate of dnv , we use the triangle inequality to derive

max
t∈In

‖dnv ‖L2

≤ max
t∈In

‖∂t Rn
τ (Rhv − v)‖L2 + max

t∈In
‖v − Rn

τ Rhv‖L2 + max
t∈In

‖�h Rh(u − Rn
τ u)‖L2

+ max
t∈In

‖rg(u)u − I nτ [rg(u)u]‖L2 + max
t∈In

‖rg(u)u − r∗
h g(u

∗
h)u

∗
h‖L2 (A.3)

= : Dv
1 + Dv

2 + Dv
3 + Dv

4 + Dv
5 .

Similar to the estimate of dnu , one can show

Dv
1 ≤ Chp‖v‖W 1,∞(In;H p) ≤ Chp‖u‖W 2,∞(In;H p),

Dv
2 ≤ Cτ k+1‖u‖Wk+2,∞(In;L2) + Chp‖u‖W 1,∞(In;H p).

Using identity (2.5) and inequality (2.21), we have

Dv
3 = max

t∈In
‖�h Rh(u − Rn

τ u)‖L2 = max
t∈In

‖Ph�(u − Rn
τ u)‖L2

≤ max
t∈In

‖u − Rn
τ u‖H2 ≤ Cτ k+1‖u‖Wk+1,∞(In ,H2),

Dv
4 = max

t∈In
‖rg(u)u − I nτ [rg(u)u]‖L2 ≤ Cτ k+1.

By using the triangle inequality, we decompose Dv
6 into two parts

Dv
5 ≤ max

t∈In
‖rg(u)u − rg(Rhu)Rhu‖L2 + max

t∈In
‖rg(Rhu)Rhu

−Rn
τ rg(R

n
τ Rhu)Rn

τ Rhu‖L2

≤ C(h p + τ k+1).
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Plugging the estimates of Dv
j , 1 ≤ j ≤ 6 into (A.3) leads to the desired estimate for

‖dnv ‖.
Next, we rewrite dnr as

dnr = 1

2
Re

[(
g(u)u, v − v∗

h

) + (
g(u)u − g(u∗

h)u
∗
h, v

∗
h

) + (
g(u∗

h)u
∗
h, v

∗
h

)

−I nτ
(
g(u∗

h)u
∗
h, v

∗
h

)]
,

and test this expression by Pn
τ w ∈ P

k−1 in the time interval In with w ∈ L2(In). This
yields

∫
In
Pn

τ d
n
r w dt =

∫
In
dnr P

n
τ w dt (A.4)

≤ 1

2
Re

∫
In

(
g(u)u, v − v∗

h

)
Pn

τ w dt

+ Cτ
1
2
∥∥(
g(u)u − g(u∗

h)u
∗
h, v

∗
h

)∥∥
L∞(In)

‖w‖L2(In)

+ Cτ k+
3
2
∥∥∂k+1

t

(
g(u∗

h)u
∗
h, v

∗
h

)∥∥
L∞(In)

‖w‖L2(In)

≤ 1

2
Re

∫
In

(
g(u)u, v − v∗

h

)
Pn

τ w dt + Cτ
1
2 (h p + τ k+1)‖w‖L2(In).

The first term on the right-hand side of the above inequality can be estimated as follows

1

2
Re

∫
In

(
g(u)u, v − v∗

h

)
Pn

τ w dt =
∫
In

(
g(u)u, v − Rn

τ v
)
Pn

τ w dt (A.5)

+
∫
In

(
g(u)u, Rn

τ (v − Rhv)
)
Pn

τ w dt =: Dr
1 + Dr

2,

where

Dr
1 =

∫
In

(
g(u)uPn

τ w − Pn
τ (g(u)uPn

τ w), v − Rn
τ v

)
dt

≤ Cτ
1
2 ‖g(u)uPn

τ w − Pn
τ [g(u)uPn

τ w]‖L2(In;L2)‖v − Rn
τ v‖L∞(In;L2)

≤ Cτ
3
2 ‖Pn

τ w‖L2(In;L2)‖v − Rn
τ v‖L∞(In;L2) (here (2.13) is used)

≤ Cτ k+
3
2 ‖w‖L2(In)‖∂k+1

t u‖L∞(In;L2) (here (2.21) is used),

Dr
2 ≤ Cτ

1
2 ‖g(u)u‖L∞(In;L2)‖v − Rhv‖L∞(In ,L2)‖w‖L2(In)

≤ Cτ
1
2 h p‖w‖L2(In)‖u‖W 1,∞(In;H p+1).

Substituting these estimates into (A.4), we get

|
∫
In
Pn

τ d
n
r w dt | ≤ Cτ

1
2 (h p + τ k+1)‖w‖L2(In).
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Note that this inequality holds for arbitrary w ∈ L2(In), it follows that

‖Pn
τ d

n
r ‖L2(In) ≤ Cτ

1
2 (h p + τ k+1).

Hence, we obtain the desired estimate for |Pn
τ d

n
r | by using the inverse inequality in

time.
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