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OPTIMAL ANALYSIS OF FINITE ELEMENT METHODS FOR
THE STOCHASTIC STOKES EQUATIONS

BUYANG LI, SHU MA, AND WEIWEI SUN

ABSTRACT. Numerical analysis for the stochastic Stokes equations is still chal-
lenging even though it has been well done for the corresponding deterministic
equations. In particular, the pre-existing error estimates of finite element
methods for the stochastic Stokes equations in the L (0, T; L?(Q; L?)) norm
all suffer from the order reduction with respect to the spatial discretizations.
The best convergence result obtained for these fully discrete schemes is only
half-order in time and first-order in space, which is not optimal in space in
the traditional sense. The objective of this article is to establish strong con-
vergence of O(71/2 + h2) in the L>(0,T; L2(; L?)) norm for approximating
the velocity, and strong convergence of O(71/2 +h) in the L (0, T; L?(Q; L?))
norm for approximating the time integral of pressure, where 7 and h denote the
temporal step size and spatial mesh size, respectively. The error estimates are
of optimal order for the spatial discretization considered in this article (with
MINT element), and consistent with the numerical experiments. The analysis is
based on the fully discrete Stokes semigroup technique and the corresponding
new estimates.

1. INTRODUCTION

We consider the time-dependent stochastic Stokes equations in a domain D C R?,
d € {2,3}, under the stress boundary condition, i.e.,

du = [V T(u,p) + f]dt + B(u)dW(¢) in D x (0,77,

(11) V-u=0 in D x (0,71,
. T(u,p)n=0 on 0D x (0,T],
u=u’ at D x {0},

where u and p denote the velocity and the pressure of the fluid, respectively, f is a
given source field and n denotes the outward unit normal vector on the boundary
0D. Moreover, the stress tensor T(u,p) is defined by

(1.2) T(u,p) =2D(u) —pl  and  D(u) = = (Vu+ (Vu)"),

N | =
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where I denotes the identity tensor. The stochastic noise is determined by an
L*(D)%-valued Q-Wiener process {W(t);t > 0} on a filtered probability space
(Q, F,P,{Fi}1>0) with respect to the normal filtration {F;};>0, and a linear oper-
ator B(u) : L?(D)? — L?(D)? which depends on the solution non-linearly.

The numerical approximations of deterministic Navier—Stokes (NS) equations
have been well-understood nowadays; see [21}22]27.3T,[B33H35]. For the stochastic
NS equations driven by multiplicative non-solenoidal noises, Brzezniak, Carelli &
Prohl [9] proposed practical time-stepping schemes based on the finite element
methods (FEMs) and established the convergence for velocity approximation (as
a function sequence) to weak martingale solutions in 3D and to strong solutions
in 2D, using the compactness argument. To obtain convergence rates for space-
time discretizations of the stochastic NS equations, a main tool is the localization
of the non-linear term over a probability space of large probability, leading to a
convergence rate in probability, as discussed in [3L[7,812].

e For the 2D stochastic NS equations with non-solenoidal noises under the
periodic boundary condition, Carelli & Prohl [I2] investigated implicit and
semi-implicit time discretizations with FEMs, demonstrating a convergence
in probability in the L>(0,T; L?) norm with rate (almost) 1/4 in time and
linear convergence in space for the velocity.

e For the 2D stochastic NS equations with non-solenoidal noises under the
periodic boundary condition, Bessaih, Brzezniak & Millet [3] studied the
convergence of a time-splitting method based on the Lie-Trotter formula.
They proved that the speed of the convergence in probability is almost 1/2
for the velocity approximations, which is shown by means of an L?(Q,P)
convergence localized on a set of arbitrarily large probability.

e For the 2D stochastic NS equations with non-solenoidal noises under the
periodic boundary condition, Breit & Dodgson [7] recently established con-
vergence in probability for the fully discrete implicit FEMs based on a sto-
chastic pressure decomposition technique. They obtained a convergence in
probability with rate (almost) 1/2 in time and linear convergence in space,
measured in the norm of L>(0,T; L?) N L?(0,T; H'). This improves the
earlier results in [I2], where the convergence rate in time was only (almost)
1/4.

e For the 2D stochastic NS equations with solenoidal noises under the Dirich-
let boundary condition, Breit & Prohl [§] established convergence rates for
the fully discrete semi-implicit FEMs using an approach based on discrete
stopping times. They showed the convergence of velocity approximations in
the L>°(0,T; L?) N L?*(0,T; H') norm with respect to convergence in prob-
ability, achieving the rate (almost) 1/2 in time and linear convergence in
space.

In addition to previously discussed convergence in probability, the strong rates of
convergence (i.e., rates in L?(Q)) for the stochastic NS equations have also been
explored, see [4H6].

e The first study on the strong convergence for the 2D stochastic NS equations
was conducted by Bessaih & Millet [4] under periodic boundary conditions.
They focused on the splitting scheme from Bessaih et al. [3] and the implicit
Euler schemes used in Carelli & Prohl [12].
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e Further exploration of strong convergence for the fully discrete schemes of
the 2D stochastic NS equations was carried out in [5]. They focused on the
implicit Euler scheme coupled with FEMs for non-solenoidal noises under
periodic boundary conditions. This research refines previous results in the
stochastic NS equations, which had only established the convergence in
probability of these fully discrete numerical approximations.

The stochastic Stokes system ([LI]) is a simplified version of the stochastic NS
equations with non-solenoidal noises. Most of the numerical analyses discussed
above can be applied to the 2D stochastic Stokes equation. However, the conver-
gence of pressure was not provided for the stochastic NS equations. Studies on the
convergence of velocity approximations in 3D and pressure approximations for the
stochastic Stokes equations have emerged only recently.

e For the 2D and 3D stochastic Stokes equations with non-solenoidal noises
under the periodic boundary condition, Feng & Qiu [16] developed the fully
discrete semi-implicit mixed FEMs and established strong convergence with
rates for both velocity approximation in the norm of L>(0,T7; L?(£; L?))
and pressure approximation in a time-averaged norm. The error estimates
provided in [I6] were derived based on a 7-dependent stability of the pres-
sure approximations, as discussed in [16], Lemma 2], leading to a suboptimal
error estimate of order O(72 + h7—2). This 7-dependent stability of pres-
sure approximations can be avoided in the case of solenoidal noises (i.e.,
B(u) maps L?(D)? into its divergence-free subspace, as considered in [11])
or pointwise divergence-free FEMs, as discussed in [12]. The convergence
order was improved to O(7% 4+ h + h7~2) in Feng & Vo [I7] based on
the Chorin-type projection methods. However, all spatial error constants
presented in [I617] include a growth factor 7~ 2.

e Recently, for 2D and 3D non-solenoidal noises under the periodic boundary
condition, Feng, Prohl & Vo [I5] proposed new fully discrete mixed FEMs
for the stochastic Stokes equations by utilizing the Helmholtz decomposi-
tion to the noises. By removing a gradient part from the non-solenoidal
noise, the modified noise becomes divergence-free. This modification re-
sults in an improved stability estimate of the new pressure approximations,
which is not dependent on the temporal stepsize 7. Consequently, the
inf-sup stable mixed FEMs for the stochastic Stokes equation proposed in
[15] achieve strong convergence with rate O(T% + h) for velocity in the
L°(0,T; L3(£2; L?)) norm and pressure in a time-averaged norm. This im-
provement addresses the suboptimal estimates in [16].

The numerical analysis in [I5HI7] is based on the certain conditions of noise, which
can be viewed as the following Lipschitz continuity and growth conditions in the
case that B is an £9-valued function:
(1.3)

|1B(v) — B(w)Hﬁg(Mw) < Cllv—wlz> and ||B(U)||Lg(L2,L2) < C(l + HUHH)

for v,w € L%(D)?, where £3(L2,1L?) is the space of Hilbert-Schmidt operators
on L2 = L?(D)%. In the presence of non-solenoidal noises, the half-order tempo-
ral convergence shown in the above-mentioned analyses is optimal and consistent
with the numerical experiments. However, the first-order spatial convergence in
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the L°°(0,7T; L*(Q; L?)) norm is not optimal and inconsistent with the numerical
experiments.

As far as we know, the numerical analysis of the stochastic heat equation has been
studied extensively [10,B2,[89,[40] and the second-order convergence in space has
been proved. However, for the stochastic Stokes equations, the existing approach
applies only to a simple case with a solenoidal noise and a pointwise divergence-free
finite element space, for which the error analysis actually reduces to the analysis
for an abstract parabolic equation. The second-order convergence in space in the
norm of L®°(0,T; L?(Q; L?)) for (1)), under the common setting involving general
non-solenoidal noises and frequently used inf-sup stable mixed FEMs, has not been
proved. The objective of this article is to address this question under the following
noise condition for some 8 > g:

(1.4)
{ [B(v) = B(w)||cgw2,m-1/2) < Cllv — w2,
| B(v) — B(w)HLg(LZ,Hl) < Cllv—w| gs and HB('U)HCQ(ILP,HI) < C(l + ||UHH5)7

which also covers many noises that were considered in the literature (e.g., [15]
17]); see the examples in Remark and the numerical experiments in Section
[l The error analyses for the stochastic Stokes equations in the previous articles,
based on energy approach, do not yield second-order convergence in space in the
L>(0,T; L*(£2; L?)) norm under noise condition (L)), for the same difficulty caused
by the low regularity of pressure; see the discussions in [IBHIT]. Therefore, a new
approach of error analysis needs to be developed to address this difficulty.

In this article, we establish optimal convergence of fully discrete mixed methods
with standard inf-sup stable finite element pairs for the stochastic Stokes equations
driven by a non-solenoidal multiplicative noise under condition (4] and the regu-
larity of the mild solution (see Proposition B]). In particular, the strong conver-
gence of O(7'/2 + h?) in the L>(0,T; L?(%; L?)) norm is proved for approximating
the velocity, and the strong convergence of O(7'/? + h) in the L>°(0,T; L*(Q; L?))
norm is proved for approximating the time integral of pressure (see Theorem 2.4]),
where 7 and h denote the temporal stepsize and spatial mesh size, respectively.
The error estimates are of optimal order for MINI element in the traditional sense
and consistent with the numerical experiments.

The analysis presented in this article is based on the fully discrete Stokes semi-
group technique and the corresponding new estimates (refer to Lemma (1] and
Remark (1)) for general non-solenoidal functions. The regularity of the pressure
solution to the stochastic Stokes problem is generally low due to the influence of the
non-solenoidal noise. This low regularity of the pressure is a main obstacle in prov-
ing second-order convergence in space, as discussed in [I5[I6]. We overcome this
difficulty by using the fully discrete Stokes semigroup technique to avoid using the
7-dependent estimates of the pressure approximations. Specifically, we have devel-
oped technical estimates in Lemmal[4.] which do not require v to be divergence-free
(where v represents the noise term in the error estimates, as indicated by T3 in the
error equation (5.10)). This was achieved by proving and utilizing the H!-stability
of the orthogonal projection onto the discrete divergence-free finite element sub-
space (see Subsection 1)) and based on the error estimates of the fully-discrete
FEMs for the deterministic Stokes problem. In the previous papers, the semigroup
estimates provided in Lemma [£1] were only shown and utilized for the abstract
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parabolic equation, which requires v to be divergence-free and requires the finite
element space to be pointwise divergence-free when the results are applied to the
Stokes equations. This distinction is crucial for our error analysis of the stochas-
tic Stokes equations, and makes it possible to prove a better convergence rate for
non-solenoidal noises using non-divergence-free finite elements.

The rest of this article is organized as follows. In Section 2] we collect the as-
sumptions and describe a fully discrete method with a standard inf-sup stable FE
pair for the stochastic Stokes and then present our main theorem. In Section Bl we
present the abstract formulation of the stochastic Stokes equations under the stress
boundary condition and define the mild solution based on the abstract formula-
tion. In Section Ml we present some technical estimates for the discrete semigroup
associated to the Stokes operator. The results are used in the error analysis of
the fully discrete FEMs for the stochastic problem in Section Bl In Section B we
present numerical experiments to support our theoretical analysis by illustrating
the convergence orders of the velocity and pressure approximations. The current
paper is a reduced version of [29], which contains complete proofs of some technical
intermediate results.

2. MAIN RESULTS

In this section, we present some notations and assumptions to be used in this
article, as well as the numerical scheme for the stochastic Stokes equations. Then
we present the main theoretical result on the convergence of the numerical scheme.

2.1. Basic notations. We assume that the domain D exhibits elliptic H? regular-
ity when considering the deterministic Stokes equations with the stress boundary
condition. This assumption implies that solutions (v, q) of the linear Stokes equa-

tions
v—=V - -T(v,q) =g in D,
(2.1) V-v=0 in D,
T(v,q)n=0 on 9D

satisfy the following estimates:
(2.2) ol + gl < Cllgllze-

This H? elliptic regularity estimate holds for Stokes equations in two-dimensional
convex polygons under both Dirichlet boundary condition [23] and Neumann/Stress
boundary condition [28,80], and three-dimensional convex polyhedron under the
Dirichlet boundary condition (see [13, Eq. (1.8)]). If the domain is smooth then
the H? elliptic regularity estimate holds for both Dirichlet [13, Eq. (1.5)] and
Neumann/Stress boundary conditions [36] Theorem 1.1]. In this paper, we focus
on domains on which the H? elliptic regularity estimate in (Z2) holds.

Let H*(D), s > 0, denote the conventional Sobolev space of functions defined on
D, with L?(D) = H°(D), spaces with blackboard letters (e.g., H*(D) = H*(D)%)
represent the spaces of vector valued functions. The dual space of H*(D) is denoted
by H *(D). Let (Q,F,P,{F}+>0) denote a filtered probability space with the
probability measure P, the o-algebra F and the continuous filtration {F;};>0. The
expectation of a random variable v defined on (2, F,P, {F;}i>0) is denoted by Ev.
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For a Hilbert space K, let W(t) be a K-valued @Q-Wiener process on (2, F,P,
{Fi}+>0), with expression

(2.3) W(t) =D VuepeWe(t)  Vte0,T],
4

where {W;(t)};>1 is a family of independent real-valued Wiener processes and the
trace operator () : K — K is bounded, self-adjoint, positive semidefinite, with
eigenvalues {fi¢}¢>1 and eigenfunctions {¢¢}e>1.

Let Lo(K,H) and L3(K,H) be the spaces of Hilbert-Schmidt operators from K

to H and from QY?(K) to H, respectively, satisfying
1
@Il cgor ) == (Z#eﬂ‘i’@Hz ) = 190 s o

For a progressively measurable process ®: [0, 7] — L3(KC, H) with fOTHCP( ds

HEO(IC H)
< oo PP-a.s., the stochastic integral fo s)dW (s) is well-defined and It6’s isometry
holds, i.e.,

(2.4) EWK@@dW@2

t
:E/ﬂ@@mgmﬂﬂ&
H 0

For the simplicity of notations, we denote by £ = £3(IL?, L?) and denote by
x Sy (ory 2 x) the statement “z < Cy (or z > Cy) for some positive constant
C which is independent of the stepsize 7 and the mesh size h in the numerical
approximation”.

2.2. Assumptions on the noise and non-linearity. For the existence and
uniqueness of mild solutions to problem (LII), as well as the numerical approxi-
mation to the mild solutions, we work with Assumptions 2.1] and on the noise
and non-linearity.

Assumption 2.1 (Stochastic noise). We assume that the Q-Wiener process W (t)
has the following property:

(2.5) I(=2)%1lg; S 1,
where A : H%(D) — L?(D) denotes the Neumann Laplacian operator with the
domain

H%(D) = {v € H*(D) : 8,v = 0 on 4D},
and (=A)z : HY(D) — L%(D) denotes the fractional power of —A.

Remark 2.1. In the case that Q and —A have the same eigenfunctions, the condition
[23) is equivalent to
> uede S1
¢

where )y is an eigenvalue of —A.

Assumption 2.2 (Non-linearity and source term). We assume that B(v) : L?(D)?¢
— L%(D)? is a bounded non-linear operator for any v € L?(D)?, satisfying the
following Lipschitz continuity and growth conditions for some g € (%, 2):

(2.6) [[B(v) = B(w)llggwe,m-1/2) S l[v = wllz2,
(2.7) [I1B(v) = B(w)llegz,m) S v —wllme  and [|B(0)ll gz m) S 1+ [[ollme-
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Moreover, we assume that the function f : [0,7] x L?(D)? — L?(D)? satisfies

(2.8) (PAGIIZEDS VO<t<T,

(2.9) 1£(t2) = f(E)llze S (1 = t2)? VO<t <t <T.

Remark 2.2. The conditions in (Z0)-(27) are satisfied if B(v) satisfies the following
estimates:

(2.10) 1B@oclin S A+ lwla)léedlsn Vo e H(D)Y,

(2.11)  [[(B(v1) = B(2))dell -3 S lor —vallezlldellen Vi vz € LA(D)Y,
(2.12)  [|(B(v1) = Bw2))dellmr S lor = vallms el Vor,02 € HY (D),

for some 5 € (5, 2). The proofs in this paper exclusively rely on the use of (Z.0)—
@20). A 2D example of a suitable operator B(u) and noise W (t), satisfying ([2I0)—

[212), is given by
u? +1 u? +1
B(u) <\/ 1 \/ 1

Viz+1 Jud+1
¢51Z2(X)
t X Z Z M( > wfl&(t) Vit e [07T]7

fi=1lo—1 06, (X)

) for u= (ur,us),
(2.13)

with

Hei ey =

0 fOI‘ (Zl,gg) = (0,0),
(2 4+ 02)~C+)  for (01, 0) € Z2/{(0,0)}, e=0.,

0,0, (x) = sin(lymxy) sin(bomas), f1,02=0,1,2,...,

which forms an orthonormal basis of L?(D). The noise term B(u)dW determined
by ([2I3]) and series W (t) can be written as

Z Z V Her e <\/—1) ¢£1£2 (X) Wey 5 (t),

l1=142=1

which is non-solenoidal and was used in [I5,[I7] to measure the effectiveness of
numerical methods for the stochastic Stokes/NS equation. This example of noise
satisfies both Assumption 2] and conditions (26)—(27) in Assumption

Remark 2.3. In the case that (B(v)¢s)(x) = be(v(x))pe(x) for some functions by :
R - R, ¢ =1,2,..., the conditions (ZI0)—(ZI2) are satisfied if the functions by
are uniformly Lipschitz continuous with respect to 4, i.e.,

|be(0)] S 1+ |o| Vo eR,
|bg(0’1)—be(0’2)‘§|0’1—0’2| Val,ageR.

Assumption 2.3 (Initial value). We assume that the initial value ug : Q@ — L?(D)?¢
is an Fo/B(L*(D)%)-measurable function with ug € L?(Q, D(A)).

2.3. The numerical method and its convergence. Let V;, x Q;, C H'(D)? x
L?(D) be a pair of finite element spaces subject to a quasi-uniform triangulation
of D with the mesh size h > 0, satisfying the following properties (see [19, Chapter
I1)):
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(1) There exists a projection operator IT, : H'(D)? — V}, called the Fortin
projection, satisfying

(2.14) (V- (v—pv),qs) =0 Vo e HY(D)? and g, € Qp,
(2.15) v — pol[gm < R0 Yo e HY(D)? and m=0,1,
(2.16) 1ol gt < o)l Vv e HY(D)?,

(2) The following approximation properties hold:
(2.17) inf g —qnllrz S A"|gllgm Yg€ H™(D) and m=1,2,
an€Qn

(2.18)
inf g aloz S K allwn Vg€ HMD)NHAD) and m=1,2.
qh€EQRNH{ (D)

Therefore, the L? projection Pg, : L?(D) — Q) satisfies the following
estimates:

(2.19) |lg— Po,llzz S h™|lgllgm Vg€ H™(D) and m=1,2,

lo= Porglys = sup = F@uem) o (0= Po,a.n— Po,nm)
neH' (D) HnHHl n€HL(D) |77HH1
n#0

(2:20) < h®|lallan-
(3) The following inverse inequality holds
(2.21) ol S B~ Honllze Von € Vi,

(4) The inf-sup condition holds:

, Vv

(2.22) lanllze < sup (B Y 0n)
= A Py o
vh;éO

Van € Q.

Several finite element spaces Vj, x @, are known to satisfy the properties above,
such as the standard inf-sup finite element spaces including the mini element space
in [2] and the Taylor-Hood finite element space in [37]. We assume that the trian-
gulation may contain curved triangles/tetrahedra which fits the boundary exactly
in order to avoid making the problem more complicated with additional errors in
approximating the boundary.

The natural function spaces associated to incompressible flow is the divergence-
free subspaces of L2(D)? and H'(D)?, defined by

(2.23) X={vel*D)?:V-v=0} and V=XnH (D))"

Let X}, := {vh eEVh: (V- vp,qn) =0, Vg€ Qh} be a discrete divergence—free
subspace of Vj,, and denote by Px, : L?(D)? — X}, the L?-orthogonal projection
onto X},. On a uniform partition ¢, = nT,n =0,1,..., N, of the time interval [0, T
with the stepsize 7 = T//N, we consider the following fully discrete semi-implicit
Euler method for problem (II)): For the given initial value u) = Py, u°, find a pair
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of processes (u},pp) € Vi, x Qn, n=1,..., N, such that the weak formulation
(2.24)
(uzﬂ)h) + 2T(D(UZ),]D)(7);1)) Yy, € Vh>
= (up =t on) + 70, Vo) + 7(f(tn), vn) + (B(uy ™ ) AW, o)
(V- uh,qn) =0 Van € Qn

holds P-a.s. for all test functions (vp,qn) € Vi X Qp, where AW, := W(t,) —
W (tp—1) is a random variable with N (0, 7Q) distribution.
By choosing v, € X, in (2:24)), the fully discrete method in (Z24)) can be equiv-

alently written as finding an Xj-valued process uy, n =1,..., N, such that P-a.s.
(uhs vn) + 27 (D(u ), D(vp)) Vop € Xp,
(2.25) = (uZﬁl, vp) + 7(f(tn), vn) + (B(uzfl)AWn, vp)

0 _ 0
Uh—PXh’U,.

If we denote by Ay, : X, — X, the discrete Stokes operator defined by

(2.26) (Apvp,wp) = Q(D(’Uh),]D)(wh)) Yo, wy € Xp,.
Then the fully discrete method in (225) is equivalent to finding an Xj-valued
process uy, n = 1,..., N such that P-a.s.
(2.27) up = En up 4+ TE - Px, f(tn) + En 7 Px, [B(u ) AW,],
) u) = Px,u®,

where E}, » denotes the discrete semigroup in the full discretization defined by
(228) Eh,vh = (I + TAh)_l’Uh.
The main result of this article is Theorem [2.4] which provides the convergence

of the numerical solution to the mild solution of the stochastic Stokes equations.

Theorem 2.4. Let {W(t);t > 0} be a Q-Wiener process on the filtered probability
space (0, F,P,{Fi}i1>0). Let Assumptions ZIH2Z3l be fulfilled and assume that the
finite element space Vi, x Qp has Properties (1)—(4). Then the numerical solution
(up,pp), n=1,...,N, determined by [224) has the following error bounds:

1
_am2 2 < 1 2
(2.29) max_ (Elu(ta) = upl3:) " S 74+ 02,
bm m 2 \3 1
_ n < -3
(2.30) 1Smn§1%<N (IEH/O p(s)ds T;thLz) <77 +h.

Remark 2.4. Since the numerical scheme in ([2:24)) is linearly implicit, the existence
and uniqueness of numerical solutions are standard. The convergence rates pre-
sented in Theorem [2.4] are optimal in space for the inf-sup stable MINI element
space in [2]. The half-order convergence in time is the same as the previous results
and consistent with the numerical experiments.

Remark 2.5. The numerical scheme and analysis presented in this article can be
extended to noises of the type B(s,u), provided that certain Holder continuity
conditions of B(s,u) with respect to s are assumed, as stated in Assumption

The proof of Theorem 2.4] will be presented in the next three sections based on
the techniques of continuous and discrete analytic semigroups.
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3. THE ABSTRACT FORMULATION UNDER THE STRESS BOUNDARY CONDITION

In this section, we present the abstract formulation and functional setting of
the stochastic Stokes equations under the stress boundary condition, and define
the mild solution of the stochastic Stokes equations to be approximated by the
numerical solutions.

The divergence-free subspace X of L?(D)? is endowed with the L?(D)? norm.
It is known that the following orthogonal decomposition holds:

I*(D)'=X@U with U={Vq:qc H}(D)}.
In particular, any v € L?(D)? can be decomposed as v = Pxv + V1, where
Pxv=v—-Vn

denotes the L2-orthogonal projection from L?(D)? onto X, with 1 being the solution
of the equation

3.1
(3.1) n=20 on dD.

{An =V.v inD,
Since the solution 7 of the Poisson equation satisfies

Il gs+1 < Cllv||gs  for s € [0,2],
it follows that the L? projection Pxv = v — Vn satisfies
(3.2) IPxv|lms < ||lv||lgs  for s € [0,2].

Since the L? projection operator Px : L?(D)¢ — X is self-adjoint, by a duality
argument it holds that

(3.3) IPxvl|g-s S llvllg-s  for s €0,2].

Let E(t) : X — X be the semigroup of bounded linear operators defined by
E(t)vY := v(t) as the solution of the linear Stokes equations

9 —V-T(v,q) =0 in D xRy,

(3.4) V-v=0 in D xRy,
' T(v,q)n =0 on 0D x R,
v(0) = ° in D.

Let —A be the generator of the semigroup F(t) with the domain

0_ .0
D(A):{UOEX:IimM

exists in X},
t—0

which is a dense subspace of X. Then v" € D(A) if and only if 0,0 € C([0,T); X),
which is equivalent to
V-T(v,q) € C([0,7); X) and V-v=0.
The above condition holds if and only if
—Av+VqgeC([0,T]; X) and V-v =0,
2D(v)n—gn =0 on 0D,

(3.5) ¢ is a harmonic function with boundary condition ¢ = 2D(v)n-n,
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which is equivalent to
(3.6) ve C([0,T]; HX(D)Y), V-v=0and D(v)nxn=0ondD,

where the last equivalence relation follows from the H? regularity of the stationary
Stokes equations. Since v° € D(A) if and only if Av € C([0,T]; X), it follows from

@B4) that

D(A) = H*(D)? := {ve H*D)*:V-v=0 and D(v)nxn=0ondD}.
Moreover, from (B3] we see that the operator A : D(A) — X can be written as
(3.7) Av=-V - -T(v,q,) = —Av + Vg,

where ¢, is determined by v through the following equation:

Ag, =0 in D,
(3.8) ¢ o
¢y =2D(v)n-n on dD.

For v € D(A), testing (377) with w and using integration by parts, we obtain by
utilizing the boundary condition ¢, = 2D(v)n-n and D(v)n x n = 0 (which imply
2D(v)n—¢,n =0 on D)

(3.9) (Av,w) = (2D(v),D(w)) Vw € V.
The Stokes operator A : D(A) — X has an extension A : V' — V’ as defined above.

The boundary condition T(u,p)n = 0 in (L) implies that D(u)n xn = 0 and
p = 2D(u) n-n, and therefore

—PxT(u,p) = —Au+ PxVp=—-Au+ V(p—n),

where 7 is the solution of

(3.10)

An=Ap in D,
n=20 on 0D.

This implies that

(3.11) —PxT(u,p) = —Au+ Vg, = Au,

where ¢, = p — 1 is the harmonic function satisfying ¢, = 2D(u)n-n on dD.
As a result, applying Px to (I.I)) yields the following abstract formulation of the
stochastic Stokes problem in (LI)):

(3.12) {du = [~ Au + Px f]dt + Px[B(u)dW] in D x (0,7,

u=u’ at D x {0}.
A predictable process u € C([0,T]; L?(2; X)) is called a mild solution of problem
B.12) if
(3.13)
t ¢
u(t) = E(t)u’ + / E(t— s)Pxf(s)ds + / E(t — s)PxB(u(s)) dW(s) P-as.
0 0

The proof of Proposition 3] can be found in [29, Appendix A], where [29] refers
to the arXiv version of this paper, where certain technical intermediate results are
proved.
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Proposition 3.1 (Well-posedness and regularity). Under Assumptions 2ZIH2.3),
problem BI2)) has a unique mild solution in the sense of [BI3)). Moreover, the
mild solution satisfies the following reqularity estimates:

(3.14)
2 Elu(@lfs S (14 Eele),
(3.15)
Ellu(t) — u(s)l: S (1+Elle3)(t —s)  VO<s<i<T,
(3.16)
Ellu(t) — u()}s < (1 +BJu®3)(t—5)# Wo<s<i<T, vge (5,

The error estimates for the numerical approximations will be proved with the
regularity results in Proposition Bl Since the mild solution has the regularity
u e C([0,T7]; L2(Q H'(D)%)), the inf-sup condition [I8, Theorem 4.1] implies that
there exists fo s)ds € C([0,T]; L*(Q2, L*(D))) satisfying following relation:

2).

(/Otp(s) ds, V- v) = (u(t) — u®,v) + 2/; (D(u(s)), D(v)) ds

(3.17) —/Ot(f(s),v)ds— (/OtB(u(s))dW(s),v) Vue HY(D)

4. ESTIMATES FOR THE DISCRETE SEMIGROUPS

In this section, we establish some technical estimates of the discrete analytic
semigroup associated to the Stokes operator. The main results are the following
three types of error estimates about approximating the semigroup E(t)Px by the
discrete semigroup ES,TPXm n=1,...,N, defined in (228]), which play a key role
in our theoretical analysis.

Lemma 4.1. For any v € H*(D), there holds
n t; .
(4.1) Z/ IE(s)Px — Ej, . Px,]v[7>ds < C(r + hY)[Jvl.

j=1
In addition, for all v € L?(D)?, there holds

(4.2) HZ/ s)Px — EJ_Px,] vdsH Clr+ h)|[v]|,
and
3) HZ [ vim@Es B P vas| < 06 +h2)ol

tj—1

Remark 4.1. Note that the estimates above were analyzed in [38] for the abstract
parabolic equation, including the Stokes equations with divergence-free initial value
v € X using pointwise divergence-free finite element spaces. Since we allow B(u) :
L?(D)? — L?(D)¢ rather than B(u) : L?*(D)? — X, the estimates under such
a weaker assumption are not straightforward and also the key to establish the
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second-order convergence in space for the numerical solution of the stochastic Stokes
equations.

In order to prove Lemma HEI we need to extend the H'-stability of the L?
projection Py, from X N H'(D)? to H'(D)?. This is obtained by characterizing
the orthogonal complement of X} in V}, as discussed in Subsection [l The proof
of Lemma [4.Tlis presented at the end of this section after introducing the orthogonal
decomposition and some properties of the discrete semigroup.

4.1. Orthogonal complement of X; in V. Let XhL be the orthogonal comple-
ment of Xj in Vp,, ie., V), = X;, @ X,f, namely, any v, € Vj has an orthogonal
decomposition

(44) vp=wp+2z, with w, € X, and z,¢€ X,JL‘ satisfying (wp, z5) = 0.

This decomposition (see [7] for a slightly different presentation) is stable in the H*
norm, as shown in Lemma

Lemma 4.2. The orthogonal decomposition in ([4) is stable in the H' norm, i.e.,
(4.5) lwallm + lznllzr S lvnllgr Vou € Vi

Proof. For any given vy, € V},, the inf-sup condition (222 implies that there exists
a unique solution (wp, qn) € Vi, x Qp, of the following equations:

(whyan) = (qn, V - an) = (vn, an) Vap € Vp,
(V- wp,mn) =0 Vn € Qn
which shows that wy, € X}, and
(wh,ah) = (Uh,ah) Va, € Xp.

Let z;, = v, —wp, where wy, and z,, are the functions in the orthogonal decomposition
(@4). Before estimating (wp, qp) directly, we first introduce (w,q) € H(D)? x
H'(D) to be the solution of the continuous problem

(w,a) — (¢, V -a) = (vp,a) Ya e HY(D)?,
(V-w,m)=0 Vn e L*(D).

Via integration by parts in the first equation above, one can obtain that w =
vy, — Vg, with ¢ € HY(D) being the weak solution of

4o R
The equation above has the standard H? elliptic regularity, i.e.,
(4.7) lallzz SV - vallze S llonllm,
which implies that
(4.8) lwllzr = llon = Vallar S llonllae -
Denote 0, = wp, — lpw and ¢p, = g, — Pg, ¢. They satisfy
(On,an) — (On,V-ap) = (w —Ipw,ap) + (Po,g — ¢,V -ap) Vap €V,
(V- On,m) =0 Y € Q.
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Substituting a;, = 0, and 7, = ¢, into the equations above and using the inverse
inequality (22I]) we obtain
HehH%2 - (w - thveh) + (Pth -q, V- eh)

<w = Hpwl|r2)bnllr2 + 1 Po,a — allz2lIV - Onl| 2

S hllwll g 10812 + R a2 16n ] e

Sh(llwlla + llallm2)10n] 2,
which together with (7)) and (&38) implies

10l S B0l L2 S 1wl + llallzz < llvalle

Therefore, the H'-stability ([ZI6]) of the Fortin projection operator gives

lwall g = 10n + Mpwl[ gy S llvnllae,

which yields
Izl = llvn — wnllge S vallen

This proves the desired H!-stability result in (£3]). O
Remark 4.2. The H! stability in Lemma implies the following properties:
(4.9) | Px, ||z < Cllv|| g for v € H(D)?,
(4.10) lv — Px, vl < vhig;f(h lv = vp|lgr < Chljv| g2 for v € D(A),
(4.11) lv = Px, vl S vhig)f(h v —vnllzz < CR?*||lv|lg=  for v € D(A).

For any v € D(A), we denote by g, the solution of (B8], and denote by Rx, :
V' — X}, the Stokes—Ritz projection defined by

(4.12) (’U — Rxhyv,wh) + (Ah(v — Rxhv),wh) — (qv, V- wh) =0 th € Xh,
which is equivalent to finding (Rx, v, qu,n) € Vi, X Q) satisfying

(4.13)
(v — Rx, v, wh) + 2(]1))(11 - Rxhv),]D)(wh)) —(qv — qun, V-wp) =0 Ywy € Vp,

(V- (v—Rx,v),q,) =0 Van € Qn.

The Stokes—Ritz projection has the following error bound (cf. [I4] Lemma 2.44 and
Lemma 2.45] and [14, Proposition 4.18]):

(4.14)
lo = Rux,vllzz + hllo = Rx, vl S B2 ([olla + laollnr) < CH2[o]ls2 Vo € D(A).

4.2. Fractional powers of I + A. Since the Stokes operator A defined in (B.1) is
self-adjoint and positive semidefinite, it follows that the operator z+ A is invertible
on X for z € C\(—o0,0], and —A generates a bounded analytic semigroup E(t) =
et on X; see [I, Example 3.7.5]. The fractional powers of the positive definite
operator I + A (with compact inverse) can be defined by means of the spectral
decomposition (see [25 Appendix B.2]). We present some estimates in Lemmas [£.3]
and L4l The proof is based on complex interpolation and the details can be found
in [29] Appendix BJ.
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Lemma 4.3. The following equivalence relations hold for s € [0,2]:
(4.15) [l S NI+ A)20lze S ol Vv e D(A),
(4.16) [l S I+ A)" 20|z S Jlolla- Vo e D(A%),

where D(A%) = (X,D(A))s/2y = X NH¥(D)? for s € [0,2] denotes the complex
interpolation spaces between X and D(A).

Lemma 4.4. For any v € X, the following results hold for t € (0,T):
(4.17) (I +A)E@)v|[2 St ||v] 22 vy >0,
(4.18) [(I+A)"(I = E@)vlr2 S t*|v]| L2 Vuelo1].
The following results hold for 0 <t; <t, <T':
ta
(4.19) / [(I+A)2E(ty — s)v|22ds < (ta —t1) P|lvl|22 Vpe0,1],

t1
to
(4.20) H(I+A)”/ E(tg—s)vdsHLzs(tg—tl)l_pHvHLz ¥pe0,1].
ty

4.3. The discrete semigroup from spatial discretization. Let 0 = X, <
An2 < - < Ap,u, be the eigenvalues of the discrete Stokes operator Ay : X, — Xp,
with corresponding orthonormal eigenvectors {¢p, ; }5\4:,1 C Xj, and dim(X},) = M.
The operator —Aj, generates a bounded analytic semigroup on X, defined by

(4.21) Ep(t) = et

which can be expressed as Ep(t)v, = Zj]vih’l e~ (v, on;)en,; for all v, € X,

Hence, following the proof [38] Lemma 3.9] and [26], Lemma 3.2 (iii)], we have

(122 I+ A2 Bu(onle St Flonllzs for o € Xn v € [0.1],
(4.23)
[0+ A B las £ fole, Tor € X
Let '
(4.24) ®h(t) = E(t)Px — En(t)Px,  for te[0,T]

denote the error in approximating the continuous semigroup. The main results of
this subsection are the estimates of ®,(¢) presented in Lemma

Lemma 4.5. For v € HY(D)?, the following estimates hold:

(4.25) [@4(t)v]| . < CtER2 || 41,
and

t 1

) 1

(4.26) (/ |®n(s)v||,» dS)? < Ch2|[v| g1 -

0
For v € L?(D)%, the following estimates hold:
(4.27) |@n(t)v]|,, < Ct A2 |v] L2,
and

(4.28) H /O t Oy (s)vds

t
+hH/ Vfbh(s)vdsH < Ch2|[v]| .
L2 0 L2
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Moreover for v € D(A%E), it holds that
(4.29) @4 (t)0]| 2 + h||[VA(E)0]| o < Ot B2 |[v]lgass  for p € [0,1].

Remark 4.3. Lemma is proved later based on an orthogonal decomposition of
v = Pxv+Vqfor v e L*(D)? at the end of this subsection, and it does not require
Vv =0 in the cases v € L?(D)¢ and v € H'(D)<.

The proof of Lemma is based on error estimates for the semidiscrete FEM
for the deterministic linear Stokes problem

Ou —V -T(u,p) =0 in D x [0,T],
Su = in D T

(4.30) V-u=0 in D x [0,T],

T(u,p)n=0 on 9D x [0,T],

u(0) = u? in D,
which can be rewritten into the abstract formulation (by applying Px to the first
relation)
(4.31) ou+Au=0  with  u(0)=u"€ X.

The solution of ([3I) can be represented by u(t) = E(t)Pxu’ in terms of the
semigroup generated by the Stokes operator. The FEM for ([B.4) reads: for given
up(0) = Px,u, find (up(t),pn(t)) € Vi x Qp such that

(4 32) (8tuh(t)’ Uh) + Q(D(Uh(t)),D(’Uh)) - (ph(t)a V- Uh) =0 vUh S Vh7
(V-un(t),qn) =0 Van € Qn
which can be expressed in the following abstract form by choosing vy, € Xj:
d
(4.33) &uh(t) + Apup(t) =0 with w(0) = Px,u’

or equivalently up(t) = Ej(t)Px, u®.
In Lemma 4.6, we present some estimate for the difference between the contin-
uous and discrete resolvent operators, i.e., (z + A)~! and (z + A,)~!. The proof

can be found in [29, Appendix B].

Lemma 4.6. For any f € L?(D)?, let w and wy, be the solution and finite element
solution of the Stokes equations

2w —V - T(w,p) = f in D,
(4.34) V-w=0 in D,
T(w,p)n=0 on 0D,
and
(4.35) {(th,vh) +2(D(wn), D(vh)) = (pr, V - o) = (f,vn) Yup € Vi,
(V-wpn,qn) =0 Van € Qn,

where z € Xy := {14+ 2" € C: |arg(2’)| < ¢} for some ¢ € (0,7). Then the
following results hold:

(4.36) [w — w2 + hl[V(w = wp) || 2 < CR(|[wl| a2 + [[pllan),
(4.37) lwllzz + llpll g < Cllfllze,
where the constant C is independent of z € ¥y (but may depend on ¢).
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Remark 4.4. The first equation in ([@34]) can be written as
Vp=f—(z—A)w.

By applying Px to the first equation in ([A34]) and using relation —PxT(w,p) =
—Aw + Vqy, as shown in ([BI1l), we obtain

Vaw =Pxf—(z—A)w.
Combining the two equations above yields
Vp=[f—Pxf+Vqu.
In the case f € X, we obtain p = ¢, and therefore [£30) reduces to
(4.38) lw = whllz2 + hl|Vw = Vw2 < Ch?|lw] g2,
where we have used the inequality ||g.||g: < [|w| z2.

In Lemma 7] we study the case with v € X N H'(D)<.
Lemma 4.7. It holds that

t
(4.39) [ 1@n(s)glids < Cht gl Vg€ X0 HUD)
0

Proof. Let (u,p) and (up,pr) be the solution of (B4) and (£32) with u(0) = g €
X N HYD)4 and uy(0) = Px, g, respectively. By noting (£24),
(4.40) Dy (s)g = u(s) — up(s).
Subtracting (32) from (B yields

{(Bt(u —up),vn) +2(D(w—up),D(vy)) — (p—pn, V-vp) =0 Vo, €V,

(V- (u—up)mp) =0 Vn € Qn,
and choosing vy, € X}, and using the Ritz projection Ry, defined in [@I2)), we have
(Oe(u —up),vn) + (I + Ap)(Rx,u—up),vp)

(4.41) = (u — uh,vh) +(¢—Pg,q,V -vn) — (qu — Pg,qu, V - vp),

where ¢, is defined in ([B.8]) (with v replaced by u there). By denoting €, = Px, u—
up, € X, and choosing v, = (I + Ap)~te, € Xy, in (@A), we obtain

(4.42)

1d 1 ~
L+ B + e

= (I + Ap)"2en|32 + (Px,u — Rx,u,én) + Rg(€n) + Ry, (€n)
- 1, - -
<IN +An)"@ll32 + Cll R, u — P, ull iz + @172 + Ry (@n)| + Ry, (@)

<+ Ap) " enllZe + Ch* ul| 3 + %thH%? + [Rq(€n)| + [Rq, (€n)],
where
Re(€n) = (€ — P, & V- [(I+ Ap)~"en)), §=4,qu-
It is easy to see that w = (I + A)"1Pxé, and wy, = (I + A) ' Px, ¢, are the
solutions of ([@34]) and ([@35]), respectively, with z =1 and f = €. Then applying
Lemma yields

|[(I+A)"'Px — (I + An)"'Px,]nl| ;1 < hllen] e,
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which implies that
[Rq(en)l =|(a — P,a. V- [(I + A) "' Pxén])|
+[(0 = Po,a. V- [(I+ 4)7"Px — (I + 44) "' Px,]e)|
Slla— Poualla—lIV - [(I+A) " Pxep] | m
+lla = Paugllez | [(T+4)7 Px = (1 + An) ™" Px, ]|
Sl I( + A) ™' Pxenll gz + gl o hlfen] 2
Sh2lall o llEnll 22
(143 < Cht gl + gl
where we have used the inequality ||¢ — Pg, ¢llg-1 < h?|¢|l g and Young’s inequal-

ity; see Property (2) in Section 23l Similarly, since ||qu |3 < |lull g2, it follows
that

(4) Ry, @) < OW el + gl < Chtulls + Slenl
Substituting (£43)-@44) into (£42), and using Gronwall’s inequality with €, (0) =
0, we see that
107+ Ap)~2e (0172 + /Ot en()]Z- ds < h* /Ot (lullzz> + llallZ) ds
< 1 |u(0) 7
(4.45) = h*gl%n,
where the basic energy inequality for the Stokes equations has been used. Since
u(s) —un(s) = u(s) — Px, u(s) + €n, by using the inequality above we get
[ ats) = ) s £ 1ol

This proves the result of Lemma 7] in view of ([{40). O

Now we turn back to the proof of Lemma
Proof of Lemma L5l For v € L?(D)? we denote

w=(z+A) " 'Pxv and wy, = (24 A,) ' Px,v,

which are the solutions of (£34) and (£39) with f = v.

Since —A generates a bounded analytic semigroup on X, there exists an angle
¢ € (5,m) such that the operator (z + A)~! is analytic with respect to z in the
sector Xy = {z € C\{0} : |arg(2)| < ¢}. Moreover, the semigroup E(t) = e *4
can be expressed in terms of the resolvent operator (z + A)~! through a contour
integral on the complex plane, i.e.,

(4.46)
1
E(t)Pxv = By /(z + A) "' Pxve*tdz, with T'= {1+ z: |arg(z)| = ¢} C Zy.
r
Similarly,

1
(4.47) E,(t)Px,v==— /(z + Ap) Py, vet dz.
' 2mt Jp '
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Therefore,
[@n(t)vllze = [E(t)Pxv — En(t) Px, vl L2
1
= ‘ — / [(z+A) " 'Pxv— (2 + Ay) ' Px,v]e* dz
2me Jp

< / lw — wp ]| 2R [dz]
T

hS / h2||v|| 2eR®) |dz|  (This follows from Lemma B8 with f = v)
r

L2

(4.48) <t A2 ||| for t € (0,T).

This proves (IEE)
For v € D(A ) by ([@38)) we have

lw = whllzz + 2V (w = wp)llzz < B2 w2
— h2||(z + A) " ol| g2
< RA|(I + A)(z + A) M|z
= 2|1+ A) = (z+A) NI+ A) 50|,
(4.49) 5h2\z|-—u (I+A)=" ‘o], ¥Ypelo1],
where we have used the interpolation inequality to get
(4.50) (I + A)°(z+ A) |2 < Colz] |||z VO E€[0,1], v e X.
Substituting ([@.49) into ([@48) and using (IT) give
190002 + HIVBA(ole < 1T+ 4) F 0] [ el 5 R

(4.51) <t Rl ase Vpe[0,1], v e DAY
This proves ([@29).

In order to prove ([L20)-(26), we consider the orthogonal decomposition v =
Pxv + Vq for a function v € H(D)?, where ¢ € H'(D) is the weak solution of

Ag=V-v in D,
q=0 on 0D,
with the regularity
(4.52) lllz> SNV -ollze S llvllm
Since ®,(t)Vq = E(t)PxVq — E(t)Px,Vq = —EnL(t)Px, Vq € X}, by using the
self-adjointness of Ej(t) we have
(®n(t)Vg, an) = —(PXhVCL Ep(t)an)
=(q,V - [En(t)an)) (since Fy(t)ap € Xp, and ¢ = 0 on 9D)
= (¢~ qn, V- [Bn(t)an]) (for any g, € Hy(D) N Qn)
—(En(t)Px, V(q = qn), an)
—((I + Ap)? En(t)(I + Ap) "2 Px, V(g — qn), an),

Licensed to National University of Singapore. Prepared on Tue Jan 14 02:22:37 EST 2025 for download from IP 3.104.43.49.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



570 BUYANG LI, SHU MA, AND WEIWEI SUN

which implies that

(4.53)
O, ()Vq=—(I+ A2 En(t)(I + Ap) 2 Px, V(¢ —aqn) Van € QuNHL(D).

By using ([@22)-#23) and (ZI8), we can obtain the following estimates:

. _1 _1
124 (t)Vallze < inf 7% g — qullre S22 gl|ae,
qr€EQRNH (D)

T =
( / |<1>h(t>Vq||%zdt) < inf llo—asllee S A2lalle.
0 qn€QRNH (D)

Substituting (£52)) into the two inequalities above gives

t 3
(454) [1()Valze < 202 [on and ( / ||<I>h<s>Vq|%2ds) < B2 o] .
0

By using inequality (£EI) with p = 0 (with v replaced by Pxv therein) and
Lemma [£7] with g = Pxv, we see that

(4.55)
1 : :
|®4(t) Pxovllz> St 2h?|v||gr  and (/ @5 (s) Pxvl|3e ds) < 2| g1
0
By noting the decomposition v = Pxv + V¢, [@23)-(@20) follow from the last two

inequalities immediately.
To this end, we combine ([@40) and ([@47) to get

¢ tq
/ Dp(s)vds = / — /[(z + A) " Pxv — (2 + Ap) " Py, v]e* dzds
0 0 2mi T

1
=— [ 27 (z+ A) " Pxv — (2 + Ay) " Px, v]e* dz
21 T
1
= 5= g 27w — wyle*t dz.

By applying Lemma with f = v, we have

t t
H/o @h(s)vdsHN—l—hHV/o ‘I>h(s)vdsHL2

,S/|z\_1(||w—wh||Lz+h||Vw—th||Lz)eRe(z)t 1d2|
I
(4.56) < B2,z / 12|71 eReO |dz| < 2o 2.

I

This proves ([A28). O

4.4. The discrete semigroup in the full discretization. Let A} > 0 and ¢],
j=1,2,..., be the eigenvalues and eigenfunctions of the operator A : D(A) — X.
Similarly, let A} ; > 0 and ¢}, ;, j = 1,..., Mj, be the eigenvalues and eigenfunc-
tions of the operator Ay : X, — Xp,.
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We denote by R(TAp) : Xp — X, the linear operator defined by

(4.57)
Mp, 1
R(TAp)v, = ;R(T)\ZJ)(’U}L, ®h.i)¢n; Wwith R(z) = 112 for zeR, z# -1

with which we can rewrite the discrete semigroup Ej, , defined in ([Z28) by
Ep v = R(TAp)v,  for v, € Xp,.

As a time discrete version of [@22]) and (23)), the following estimates hold for any
Up € Xh;

(458)  [[(I+Ap)?EP onllee Stn? llonlle for 1<n <N and ~e[0,1],
(4.59)

n
Y NI+ AT E] onl3. SClonl3. for 1<n < N.
j=1

Remark 4.5. Inequality ([£35]) is equivalent to
(4.60)  [(L+ M) R(IN, )" Sta? for Ay, >0 and ¢, =nr € [0,T).

The proof of this inequality can be found in [38, Lemma 7.3]. Since the functions

w?l = E,jI v, n=1,2,..., are solutions of the equation
J Jj—1
wy — W ;
—h—h 4+ Apw] =0.
-
Testing the equation with wfl and summing up the results for j = 1,...,n yield the

basic energy inequality

1 . n 1.
max o [lwplfF: +7) (147 whl|7: <

1
max - lfl3e = 5ol

N | =

j=1
which implies (£59).

The error of E}TL‘JPXh in approximating E}(¢,)Px, is analyzed in Lemma g
The proof can be found in [29, Lemma 4.8].

Lemma 4.8. Let ®) v := Ey(t,)Px,v — E}' _Px,v for v e L*(D)*. Then the
following estimates hold:

(4.61) |8 0]l o S T2l Ve H'(D)’,
(4.62) | Op 0] . S ta2rE 0]l Vv e L2(D)Y,

<77|vlle Vo e LA(D)%

‘LQ

@63)  (r 1% 0ll5e) " + 7oV
j=1 j=1
Proof of Lemma [41]. By using the expressions

(I)h(t) = E(t)PX — Eh(t)PXh and (i)Z’T’U = Eh(tn)th’U — E_‘Z’TPXhU,
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and the triangle inequality, we have

n t; . n t;
Z/|w@&4%&mmmsz/|ww%mwmmm®
j=1 tj—l j=1 tj—l

tn no
(4.64) + / @5 (s)v||22 ds + 7 Z ||©%L’TUH%2.
0 N
Jj=1
The first term on the right-hand side of (£&4) can be estimated by using (Z23),
i.e.,
n t;
> [ B - Balt)Px, vl ads
j=1"ti-1
B R R Y
j=1"7%i-1
tn 1
S T/ 1A e Py, v][7ds
0
(4.65) Srlvl|2: Vo e LA(D)%

The last two terms on the right-hand side of ([£.64]) have been estimated in ({.20)
and ([LG3), respectively, which imply (E]).
Similarly, (2] can be proved by using (28], (I63) and [@65).

To prove [@3), we rewrite it into

noorti _ . 2
| Z/t VIE(s)Px — B Px,Jvds||
=17t

n tj 2
< H jzl /t VIEW(s) — En(t;)]Px, vdsHL2

2
L2

tn 2 n .
+ H/o V@h(s)vdsHL2 + HT;V@;LJ’U

(4.66) < (1 +RH)|v|2..

The first term on the right-hand side of the last equation was estimated in [24] p.
1
236, with p = 1 and Py replaced by A? Pyx], i.e.,

n t 2
|32 7 B9 = Batt )1+ A% P 0|, < 1P ol S ol
Jj=17"%-1

The estimates for the last two terms follow from ([@28) and (@63, respectively.
The proof of Lemma [Tl is completed. |

5. ERROR ANALYSIS FOR THE STOCHASTIC PROBLEM

In this section, we first present some estimates of the noise term in the Hilbert—
Schmidt norm in Subsection [5.Il and then the proof of our main theorem in Section
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5.1. Estimates in the Hilbert—Schmidt norm.
Lemma 5.1. Under Assumptions ZIHZ3, the operator B(v) : L?>(D)? — L?(D)?

satisfies

61 IBOPx(BO) - BOIIEy StH vl Yuve D),
and

(5.2 IBIEy S 1+ Nl Ve HYDY, pe(52)

1 d
(53) (I +A)2PxB(u)lzg S 1+ |ullfys  Vue HY(D), Be (3:2)-

Proof. By using ([ZI6) with s = 1, [@I7) with v = %, (33) and (Z5), we have
|E(t)Px (B(u) = B(v))ll7g
*ZMHE )Px[(B(u) — B(v)¢e]||7

< Zmu (I+A)TE)(I + A)~ T Px[(B(u) — B(v))éd]||2

< t‘% %:uz 1(B(w) = B)oel _,

_1
St 2(B(uw) = B(0))ll cge,m-1/2)
(5.4) SH7 u—vllza,
and by using (271), we have
(5.5) 12y < 1B 1200 0y S 1+l
which imply GI)-(E2). Similarly,
(5.6) |(Z+4) PxB(u)l|zg = ZMH (I + A)* Px B(u)d |7
< HB(U)llgg(Lz,Hl) S 1+ [lull e
This proves (B3)). O

Remark 5.1. As a result of the estimates in Lemma [5.I] the regularity results in
Proposition [B.1] imply that

(5.7) sup El|B(u(t))|[2g + sup E|[(I+ A)2 PxB(u(t))|2g < 1.
te[0,T] 2 tefo,1] 2

The following stability estimates for the numerical solution can be proved by
using Lemma [5.Jl1 The proof can be found in [29, Proof of Lemma 5.2].

Lemma 5.2. Under Assumptions BIH23|, the numerical solution of the fully dis-
crete method (Z2T)) satisfies the following energy inequality:

N
(5-8) |nax, Elupll? 5 + Z]Elluh —up e+ 7 ) ElluplF S L

n=1 n=1
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574 BUYANG LI, SHU MA, AND WEIWEI SUN

5.2. The proof of Theorem [2.4. By iterating (2.27)) with respect to n, the full
discrete method can be rewritten as

n—1
(5.9) wup = Ej Px,uo+7 Y _ Ep_'Px, f(tit1) Z E}' P, [B(uj,) AW;pq].
1=0

Then, after subtracting (£.9) from (BI3), we obtain the following error equation:

tit1 o
#30 [ B = P9~ B P fi)lds

=0 i
n—1 tit1 )
+> / [E(tn — 5)PxB(u(s)) — E}' " Px, B(u},)]dW (s)

i=0 7 ti
(5.10) =:T1 + T + T3,
which implies that

3
(5.11) Ellu(t,) = uplle S D EIT)|7.-
j=1

The three terms are estimated below one by one.
Since T1 = @, (t,)u’ + @ Lu’, by applying @29) and @EI) with p = 1 and
v =1ug € D(A), we obtain

(5.12) E|T1]Z> S El@n(ta)u’ll7: + EI®} a7 < (7 + hHElu’|F:

To estimate E|Ts| 12, we rewrite it into

(5.13) E||T2HL2<EHZ 7 -t - steas],
+IEHZ/M §)Px — B) 7Py, f(tisn dsH
=: To1 + Too.

By using the Holder continuity of f(¢) in (Z9]), we have
tit1 t7,+1

(5.14) Ty < Z/ E|f(s) = f(tiz1)]|22ds < Z/ tiz1—s)ds <7
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Through a change of variables o = t,, — s and j = n — i, we further split 755 into

L2

n tj . 2
Tas :]EH 3 / [E(0)Px — B} _Px,] f(tn_j+1)da‘
j=1"ti-1

2

L2

SE| Z_j /tjjl[ma) — B Px[f(tn-j+1) — S (t)do |

tj . )
+]EH Z/ [E(t;)Px — By  Px,|[f(tn—j+1) — f(tn)]da’ )
Jj=1 tji—1 L
+ ]EH z; /t [Blo)Px - E,JWPX}L]f(tn)dg‘ B
J= J
(515) = T§2 + CZ"2b2 + T202

Using (ZI7) with v = 1, @I8) with 4 = 3, and the Hélder continuity of f in ([ZJ),
we have the following bound for 7%,

T,

. 2_:1/ I(T + A B(o) (T + A 2T — Bty — o) Px[f(tn_s1) — F(ta)]l3do
(5.16)

5 Z /t'J Uﬁl(tj a U)||f(tn_j+1) - f(tn)”%)do’

n t; n t
< TZ/ o Mty — th—ji1)do S TZ/ o lodo <71,
=17t j=17ti-1
where the conditions t; — o < 7 and ¢, — t,—j41 = t;—1 < o are satisfied for

o € [tj—1,t;], ensuring the integrability in the last line.
By using ([@.27), ([4.62) and the Assumption (2.9]), we have the bound

Gany 2 SE(Y [ @)+ 8~ f(E)1do)

tj—1

= t -1 3 2
SE(X [ 4 1) = ()2
j=17t-1

< 4 n tj . N 2
j=17"%-1

§(T+h4)(zn;/:j a’lg%d0)2,§7+h4,
j=17%-1

for TY,. Moreover, by [f2) it is easy to see

(5.18) Tsp S (1 + O f(ta)lZe S 7+ %
Substituting (EI4)-GEI8) into (B13) yields
(5.19) E||T2)3: <7+ R*.

Licensed to National University of Singapore. Prepared on Tue Jan 14 02:22:37 EST 2025 for download from IP 3.104.43.49.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



576 BUYANG LI, SHU MA, AND WEIWEI SUN
It remains to estimate the term E||73||z2 in (BI0). Taking the same approach

as above, by using (Z4]) and a change of variables o = t,, — s and j = n — i, we first
rewrite the bound of E||T3||z2 into three parts as follows:

n—1 .t
E|T32: =EY /
1=0 i

n tj . .
BY. [ IIE©)PxBlut, - 0)) ~ Bl P, Blui )| 3ydo
j=1"7ti-1

i+1

|E(t, — s)PxB(u(s)) — EZLL;"PX,%B(U};)H%gds

n

SEY / | E(0) P [B(u(tn — 0)) — B(u(ta—;))]l|%gdo

+E2/j I[E(0)Px — B, Px,]B(ultn—;)) | zgdo

j=17ti-1

+7E Y ||E] P, [B(ulta—;)) — Bluy )]II2,
j=1
(5.20) =:T51 + Tso + T3s3.

By (&) and Holder continuity (BIH), 731 is bounded by

n t;
Ta <> [ o HBfults - ) - u(tas) oo
j=1"%i—1

[N

n t;
<1 +EHuOH§{2)]EZ/ o 2(t; —o)do
j=1"4

t]71
(5.21) < Cr(1+E[[u®||32).
To estimate T35, we make a decomposition again

(5.22)

T2 SEY. [ 1B(0) - BE)IPx[Blultas)) - Blu(ta-1))][Zgdo
j=1"%ti-1

+EY / B Px — B Px)B(u(ta—)) — Blu(tn-1))]|2gdo
j=1"7%i—1

+EY / " [E(0)Px — B} Px,)B(u(ts-1))2ydo
j=1"7%ti—1

By using (Z0), @I7) with v = 2, @I8) with 4 = 1 and Hélder continuity
BI3), we have the following bound for T%,

T8 <Y / " EIE@) - E(t; — o) Px[B(ulta-y)) — Blu(ta—1)2ydo
j=17%

tj—1

294

j=17ti-1

E> pel(I+A)IE@0)(I+A)73
4
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FEM FOR STOCHASTIC STOKES EQUATIONS 577

x [I = B(tj — 0)]Px[B(u(tu—;)) = B(u(tn-1))]éell72do

n

tj
S [ o Y iy
j=1"%ti—1 ¢

x [ = B(t; = o)|(I + A) 1 Px[B(ultn-;)) = B(ultn-1))|¢el|72do

n

tj 3
> / o4ty — DB el Blult,)) — Blu(ta1)e]?,_ydo
j=1"ti-1 [
n t; .
< / o3 (t; — O)E|fultn_j) — ultn_1)[22do
j=17%i-1

n t]'
_3
STOER) Y [ ot =t
j=1"7ti-1

SrU+EE) Y [ o oo
j=17ti-1

(5:23) S T(1+Elu’(F2),

where (2.6]) is used in the derivation of the fourth to last inequality, inequalities
t; —o <7 and (310) are used in deriving the third to last inequality, and estimate
th—1 —tn—j = tj—1 < o for ¢ € [tj_1,t;] is used in deriving the second to last
inequality. . .

By noting F(t;)Px — Ej, . Px, = ®u(t;) + @7 _, T?, is bounded by

n 2] .
G20 Th=3" [ Ell@nt) + & IBlultas)) - Blults1))Zgdo
j=17t1
n t; .
S [ GBI+ A Px(Blultay) ~ Blultna))] [yl
j=1"%i-1
n t;
+30 [ G EIB (b))  Blutti-) o
j=1v%-1
n t;
SErr) Y [ Blultas)  ulta-)do
j=17ti-1
n t;
S(r+ h4)(1 + EHUOH%Z) Z/ t]fl(tn,l — tnij)2—6da
j=17ti-1

tn
S+ H) (L4 B [P
0

S(m+ RN (14 ElJu’(|F2),
where (£28]) and ([@G2]) are used in the derivation of the fifth to last inequality, [27)
is used in the fourth to last inequality, (3:10)) is used in the third to last inequality,
and t,—1 —t,—; =t;_1 <o for o € [t;_1,t;] is used in the second to last inequality.
Directly applying (@1 and (&71) shows that

(5.25) TS, S (7 +hY) s[%pT] E||(I + A)%PXB(u(t))H%g ST+ R
te|0,
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Moreover, by ([@58) with v = 1 and (Z8), we further have
E|Tsll72 S BI( + An)TE) (I + Ap) "% Px, [B(u(tn—;)) — Bluj, )]
L2 ~ h h,T h Xn n—j h ,Cg
j=1
n . ]
ST G PEY e [P, [(Blutn-) = Bluy ))édl?
j=1 ¢

n
1 .
STth E|B(u(tn—;)) — Bluy J)”ig(m,H—l/?)
j=1

n
_1 .
STY P El|ults—;) —up 7 |17s
j=1

n—1
(5.26) STy (ta— 1) *Ellu(ts) - 3.
=0
In view of (520)—(E.20]), we see that
n—1
1 .
(5.27) E|T5)7: S 7+h* 47> (tn —t:) 2 Ellu(ts) — ujl3-.
i=0
Finally, substituting (5.12)), (519) and (5.27) into (B.I1)) yields
n—1 . .
(5.28) Ellu(ts) — uplle S7+0*+ 7Y (0 — ) 2E[u(ts) - uj |72
i=0

By using the discrete version of generalized Gronwall’s inequality in [25 Lemma
A 4], we obtain the error estimate (2:29) for the velocity.

The error estimates for the pressure can be obtained by following classic approach
and utilizing the result above. We omit the details and refer to [29] Section 4.3].

6. NUMERICAL EXPERIMENTS

In this section, we present numerical tests to support the theoretical analysis
in Theorem [Z4] by illustrating the convergence of the fully discrete finite element
solutions. For a stable discretization in space, we use the prototypical MINT ele-
ment; cf. [2120] for details. All the computations are performed using the software
package NGSolve (https://ngsolve.org/).

We solve the stochastic Stokes equation (LI in the two-dimensional square
D = [0,1] x [0,1] under the stress boundary condition by the proposed scheme
(ZZ4) up to time T', with initial value uy = (0, 0) and source term f = (1,1)". The
noise term B(u)dW determined by

l<\/u%+1 \/u%+1>

2 \VuZ+1 A1

(6.1) B(u)

(6.2) Wtx)=> > Vi

O=16,=1

(9254142 (X)
T (X)

> Wy, 0, (1) YVt e [0,T],
for x = (x1,22) € D, where

{wglﬁz(t) : 61762 = 071,2,...}
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is a set of independent R-valued Wiener processes,

(6.3) {be,0,(x) = cos(b1mxy) cos(lamxa) = 1,02 =0,1,2,...}
is an orthonormal basis of L?(D), and
0 for (51,62) = (0,0),
6.4 =
o e {(6% B for (61, ) € 22/{(0,0),

with e = 0.1 and r € (0, 2] determining the regularity of the noise.
The noise term B(u)dW determined by (EI)—(G2]) can be written as

o u? +1
63 B =3 3 vimn (V) un 60 una ),
£1=1/0y=1 uz +1

which is non-solenoidal and was used to measure the effectiveness of numerical
methods for the stochastic Stokes/NS equation (with ¢y, ¢,(x) =2 sin(l;mx1) sinlamzs)
therein); see [I5L[17]. Based on the coefficients pg,¢, given in (6.4]), the regularity
of the series W(t) presented in ([6.2]) can be characterized as follows:

(6.6)

1=8)"" g = [I(=2)

r

oo oo
r—1 1 _
T Q| e gy = D D Nshee, S1 for 7€ (0,2],
61=022=0

where Ay, s, = 72({3+/3) represents eigenvalues of —A. In the case r = 2, the series
given in (6.2)) constitutes a @Q-Wiener process which satisfies Assumption 2] and
the noise in (G5 fulfills the conditions 2:6)—(27) in Assumption[Z2l In particular,
the Wiener processes in (62) is in L*(Q, H*(D)) but not in L*(Q, H*¢(D)).

We consider three cases in the numerical experiments:

Case I (r = 2). In this case, Assumption [2.1]is satisfied.
Case II (r = 1). The noise is trace-class, but Assumption [Z]is not satisfied.

Case I (r = 0.5). The noise is not trace-class.

Velocity Pressure
T T
() M = 1024 samples () M = 1024 samples
100 H{ =5~ M = 2048 samples L 10-1H -5 M = 2048 samples
—4—- M = 4096 samples —4—- M = 4096 samples

Error
=)
Error
=)

nN

e

102 103
102 101 102 101

FIGURE 1. Time discretization errors at T' = 1 for Case [ with A = 276

The errors of the numerical solutions in Case [l are presented in Figures [l and
2l The expectations of the errors are computed as averages over M samples, where
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] Velocity Pressure
10° T
O M = 1024 samples| : () M = 1024 samples
—— M = 2048 samples |-t : 101H —E— M = 2048 samples
—4—- M = 4096 samples —4—- M = 4096 samples
102
= =
] 2
& & 102
103
-3
104 s 10
102 101 102

h

FIGURE 2. Spatial discretization errors at T = 1 for Case [l with 7 = 278

M = 1024, 2048,4096, respectively. The numerical results in Figures [I] and B in-
dicate that the numerical solutions have half-order convergence in time for both
velocity and pressure, second-order convergence in space for the velocity, and first-
order convergence in space for the pressure. Therefore, the convergence orders
observed in the numerical experiments are consistent with the theoretical results
proved in Theorem [2.4]

Velocity Pressure
: — . 100
—©— Case I: M = 1024 samples | : —©6— Case I : M = 1024 samples|
cofF-Case I[T: M = 1024 : : cofFe-Case II: M =1024
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FIGURE 3. Spatial discretization errors at T = 1 for Cases[I, [Il and [T

The spatial discretization errors for noises in Cases [l [ and [II are presented
in Figure [3] where the expectations are approximated by computing averages over
M = 1024 samples. Notably, Figures [l and [2] demonstrate that the number of
samples, M = 1024, is already sufficiently large to capture the influence of the
noise on the convergence rate. The numerical results in Figure [3 indicate that
order reduction may occur if Assumption [2.1]is not satisfied.
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